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Preface to the Second Edition

In this book we lead the student to an understanding of elementary linear
algebra by emphasizing the geometric significance of the subject.

Our experience in teaching undergraduates over the years has convinced
us that students learn the new ideas of linear algebra best when these
ideas are grounded in the familiar geometry of two and three dimensions.
Many important notions of linear algebra already occur in these dimen-
sions in a non-trivial way, and a student with a confident grasp of the
ideas will encounter little difficulty in extending them to higher dimensions
and to more abstract algebraic systems. Moreover, we feel that this
geometric approach provides a solid basis for the linear algebra needed in
engineering, physics, biology, and chemistry, as well as in economics and
statistics.

The great advantage of beginning with a thorough study of the linear
algebra of the plane is that students are introduced quickly to the most
important new concepts while they are still on the familiar ground of
two-dimensional geometry. In short order, the student sees and uses the
notions of dot product, linear transformations, determinants, eigenvalues,
and quadratic forms. This is done in Chapters 2.0-2.7.

Then, the very same outline is used in Chapters 3.0-3.7 to present the
linear algebra of three-dimensional space, so that the former ideas are
reinforced while new concepts are being introduced.

In Chapters 4.0-4.2, we deal with geometry in R" for n > 4. We intro-
duce linear transformations and matrices in R*, and we point out that the
step from R* to R" with n > 4 is now almost immediate. In Chapters 4.3
and 4.4, we treat systems of linear equations in n variables.

In the present edition, we have added Chapter 5 on vector spaces,
Chapter 6 on inner products on a vector space, and Chapter 7 on
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symmetric n x n matrices and quadratic forms in n variables. Finally, in
Chapter 8 we deal with three applications:

(1) differential systems, that is, systems of linear first-order differential
equations;

(2) least-squares method in data analysis; and

(3) curvature of surfaces in R3, which are given as graphs of functions of
two variables.

Except for Chapter 8, the student need only know basic high-school
algebra and geometry and introductory trigonometry in order to read this
book. In fact, we believe that high-school seniors who are interested in
mathematics could read much of this book on their own. To read Chapter
8, students should have a knowledge of elementary calculus.
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CHAPTER 1.0
Vectors in the Line

Analytic geometry begins with the line. Every point on the line has a real
number as its coordinate and every real number is the coordinate of exactly
one point. A vector in the line is a directed line segment from the origin to a
point with coordinate x. We denote this vector by a single capital letter X.
The collection of all vectors in the line is denoted by R'.

We add two vectors by adding their coordinates, so if U has coordinate
u, then X + U has coordinate x + u. To multiply a vector X by a real
number r, we multiply the coordinate by r, so the coordinate of rX is rx.
The vector with coordinate zero is denoted by 0. (See Fig. 1.1.)

The familiar properties of real numbers then lead to corresponding
properties for vectors in 1-space. For any vectors X,U,W and any real
numbers r and s we have:

X+U=U+X

X+U)+W=X+U+W)
Forall X, 0+ X=X=X+0.

For any X, there is a vector —X such that X + (—X) =0.
rX+U)=rX+rU

(r+HX=rX+sX

r(sX) = (rs)X

X=X

We can define the length of a vector X with coordinate x as the absolute
value of x, i.e., the distance from the point labelled x to the origin. We

denote this length by |X| and we may write |X| = ‘/;C—z . (We always under-
stand this symbol to stand for the non-negative square root.) Then 0 is the
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0 X
: kel
U X+U
-)X 0 X 2X
~ '.'__L >
Figure 1.1

unique vector of the length 0 and there are just two vectors with length 1,
with coordinates 1 and —1.



CHAPTER 2.0
The Geometry of Vectors in the Plane

Many of the familiar theorems of plane geometry appear in a new light
when we rephrase them in the language of vectors. This is particularly true
for theorems which are usually expressed in the language of analytic or
coordinate geometry, because vector notation enables us to use a single
symbol to refer to a pair of numbers which gives the coordinates of a point.
Not only does this give us convenient notations for expressing important
results, but it also allows us to concentrate on algebraic properties of
vectors, and these enable us to apply the techniques used in plane geometry
to study problems in space, in higher dimensions, and also in situations
from calculus and differential equations which at first have little resem-
blance to plane geometry. Thus, we begin our study of linear algebra with
the study of the geometry of vectors in the plane.

§1. The Algebra of Vectors

In vector geometry we define a vector in the plane as a pair of numbers
(;) written in column form, with the first coordinate x written above the

second coordinate y. We designate this vector by a single capital letter X,
x

Y
line segment, starting at the origin in the coordinate plane and ending at

i.e., we write X =( ) We can picture the vector X as an arrow, or directed

the point with coordinates x and y. We illustrate the vectors A=(3),

1
1 4 2\ @
B= s = s = 1.
(2) C (3) and D (4)1n Figure 2.1
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Figure 2.1

We add two vectors by adding their components, so if X=(;) and
U=(g), we have
_(x+u
X+U—(y+v). (1
Thus, in the above diagram, we have A + B = C, since
a+m=(3)+()=(112)=(3)=¢
1 2 1+2 3

We multiply a vector X by a number » by multiplying each coordinate of

X by r,ie,
x=r(5)= () @

In Fig. 2.1, D =(‘21) = 2(;) = 2B, and we also have B =1D.

Multiplying by a number r scales the vector X giving a longer vector rX
if r > 1 and a shorter vector rX if 0 < r < 1. Such multiplication of a vector
by a number is called scalar multiplication, and the number r is called a
scalar. If r = 1, then the result is the vector itself, so 1X = X. If r =0, then

0
0= ( g) If X is not the zero vector, then the scalar multiples of X all lie on

multiplication of any vector by r = 0 yields the zero vector (0), denoted by

a line through the origin and the point at the endpoint of the arrow
representing X. We call this line the line along X. If r > 0, we get the points

on the ray from (8) through (;), while if r < 0, we get the points on the

opposite ray. In particular, if r= —1, we get the vector (=X =

(—-l)(;) =( :;) which has the same length as X but the opposite
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2B

B 2A

-A -14B
-2A -B
-2B
Figure 2.2
direction. We denote this vector by —X =( ___;) and we note that

weco-( ()G o
y -y y+(-y 0

We say that the vector —X is the negative of X or the additive inverse of X.
In Figure 2.2, we indicate some scalar multiples of the vectors A =(:l; )

dB=“)
an 5
Two particularly important vectors are E, = ( (1)) and E, = ( (l))’ which we

call the basis vectors of the plane. The collection of all scalar multiples
rE, = r( 1) =(r) of E, then gives the first coordinate axis, and the second

0 0
. .. . T = 0 = 0 . =(X*
coordinate axis is given similarly by sE, s(l) (s) Since X ( y)
=(*)+(9)=x(1 0) -
(0) +(y) x(O) +y( 1) xE, + yE,, we may express any vector X

uniquely as a sum of one vector from the first coordinate axis and one
vector from the second coordinate axis. Thus,

A= (2)= Q)+ Q)= () () -mom

and, similarly, D = ( i) =2E, + 4E,.
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(‘y’)=yE;‘ x=(;‘)=xE.+yE,

=0

Figure 2.3

Writing a vector in this way expresses the point (;) as the fourth vertex

of a rectangle whose other three coordinates are (x), (0), and (g) (See

0/ \o
Fig. 2.3.)
More generally, we may obtain a geometric interpretation of vector

addition as follows. If we start with the triangle with vertices (g), (3), ( > )

Y
(453)
(z)/\(m)

Figure 2.4
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and move it parallel to itself so that its first vertex lies on (g), then the

other two vertices lie on (“ 'E x) and ( ':) I;), respectively. (See Fig. 2.4.)

Thus, the sum of the vectors X =(’;) and U =( z) can be obtained by

translating the directed segment from 0 to X parallel to itself until its
beginning point lies at U. The new endpoint will represent U + X, and this
will be the fourth coordinate of a parallelogram with U, 0, and X as the
other three vertices.

In our diagrams we have pictured addition of a vector X with positive
coordinates, but a similar argument shows that the parallelogram interpre-
tation is still valid if one or both coordinates are negative or zero.

By referring either to the coordinate description or the geometric descrip-
tion, we can establish the following algebraic properties of vector addition
and scalar multiplication which are analogous to familiar facts about
arithmetic of numbers:

@ X+U=U+X. Commutative law for vectors
B X+U)+A=X+U+A). Associative law for vectors
(6) There is a vector 0 such that

X+0=X=0+ X forall X. Additive identity
(7) For any X there is a vector

~ X such that X + (—X) = 0. Additive inverse

@) rX+U)=rX+rU. Distributive law for vectors
) (r+5HX)=rX+sX. Distributive law for scalars
10) r(sX) = (rs)X. Associative law for scalars

(11) 1-X=Xfor each X.

Note that it is possible for the parallelogram to collapse to a doubly
covered line segment if we add two multiples of the same vector. In Fig.
2.5, we show the parallelograms for B+ B, A + B, and A + (—A).

We can use the negative of a vector to help define the notion of difference
U — X of the vectors X and U. (See Fig. 2.6.) We define

U-X=U+(-X),

so, in coordinates,

U\ _ (X U ¥= (U -X\_{u—x
(5)=(3)=u-x=U+(=x%=(5)+(Z})=(423)
Since U-X)+X=U+({(-X)+X)=U+0=U, we see that U—X is
the vector we add to X to get U. Thus, if we move U — X parallel to itself

until its beginning point lies on X, we get the directed line segment from X
to U. Thus,

o= ()= 2) e m-a=()-()-(5)
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A+B

Figure 2.5

A pair of vectors A, B is said to be linearly dependent if one of them is a
multiple of the other. If A =0, then the pair A,B is linearly dependent,
since 0 = 0 - B no matter what B is. If A % 0 and the pair A,B is linearly
dependent, then B = tA for some ¢. If B =0, then we use ¢t =0, but if A
and B are both nonzero, we have B = tA and (1/¢)B = A, so each of the
vectors is a multiple of the other.

If A, B is a linearly dependent pair of vectors and both A and B are
nonzero, then the vectors rA for different values of r all lie on a line
through the origin. The fact that A,B is a linearly dependent pair means
that B lies on the line determined by A.

A

U + (-X)

Y

-X

Figure 2.6
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Exercise 1. For which choice of x will the following pairs be linearly dependent?

W (1) @ ()
OGHC) @ (M)

Exercise 2. True of false? If 4 is a scalar multiple of B, then B is a multiple of A.

Exercise 3. True or false? If A is a nonzero scalar multiple of B, then B is a nonzero
scalar multiple of A.

Just as the multiples rX of a nonzero vector X give a description of a line
through the origin, we may describe a line through a point U parallel to the
vector X by taking the sum of U and all multiples of X. The line is then
given by U + X for all real 1. (See Fig. 2.7.)

For example, the line through B = (%) parallel to the vector A =(:;' ) is

given by X =B + tA=(2) +t(3) =(2) +(3’) =(2+3’). This is called
l | 1 t 1+1¢

the parametric representation of a line in the plane, since the coordi-
nates x =2+ 3¢ and y =1+ are given linear functions of the param-
eter t. Similarly, the line given by the parametric equation in coordi-
nates (x)=(3+4;

J 1+2¢

()= nem

Exercise 4. Write an equation of the line through ( ‘11) parallel to the vector ( %)

) can be written in vector form as X=( :l;) +

} U+X
U + X

U +(X)

/.EJ—ZX -

Figure 2.7
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1 2
This line will go through B and be parallel to the vector B — A.

Exercise 5. Write an equation for the line through A =(3) and B =(]). Hint:

Exercise 6. Show that the parametric equation X =V + (U — V) represents the
line through U and V if U and V are any two vectors which are not equal.

By the Pythagorean Theorem, the distance from a point (;) to the

origin (g) is x>+ »*, and we define this number to be the length of the
vector X =(;), written |X|. For example, if X = (i), then |X| =32 + 42
=5, while |[E|| = l((l)) =1 and |0| =V0? + 0> = 0. Since the square root is

always considered to be positive or zero, the length of a vector is never

negative, and in fact |X| is positive unless X =(8)

ExampLE 1. |X — U] =I(;) —(z)l ='(§,::‘))| =\/(x— u) + (y — v)*.

For any scalar r, we huve

[rX| =l(;;)| =\/(7x)2 + ()’ =\/r2x2 +ry? = |r|\ﬁ\:2 +y? =|r|X].

Thus, the length of a scalar multiple of a vector is the length of the vector
multiplied by the absolute value of the scalar. For example, | — 5X| =
| — 511X] = 5|X].

Exercise 7. Show that the midpoint of the segment joining points X and U is
(X + U), i.e. show that this point lies on the line through X and U and is equidistant
from X and U.

If X #(g), then X # 0, so we may scale by the reciprocal (1/]X]) to get a

vector (1/|X|)X. This vector lies along the ray from 0 to X and it has length
X1 = g xi= 1

|

The vectors of length 1 are called unit vectors, and they are represented
by the points on the unit circle in the coordinate plane. The vector (1/1XpX
is represented by the point where the ray from 0 to X intersects. this unit
circle. (See Fig. 2.8).

Any vector on the unit circle may be described by its angle 8 from the
ray along the positive x-axis to the ray along the unit vector. We call 8 Fhe
polar angle of the vector. We may then write the unit vector using

cosf )
sinf /)’

trigonometric functions as (
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X|_ cosﬁ
9 N X~ smo N

Figure 2.8
If X is any vector, we have
cosf [X|cos@
X = x =
= I( X ) | l( sin0) (]Xlsin&)
for some angle 8. This representation of X as a positive scalar multiple of a

unit vector is called the polar form of the vector X, since we have written
the coordinates of X in the form of polar coordinates.

ExampLE 2. If X=(3), we have X =3E,, where E, is the unit vector

(3)=(siey ) 1 x=(2), e x|/ 2] 2 8), v o

=45°=q¢/4.

§2. The Dot Product

An extremely useful notion in linear algebra is the dot product of two
vectors X and U defined by

X-U=(§,)-(g)=xu+yv. (12)
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The dot product of two vectors is then a number formed by adding the
product of their first coordinates to the product of their second coordinates.

For example, if A=(';’) and B=(;) then A-B=3-1+1-2=5 and

A-A=3-3+1-1=10. Note that E,-E,=1-1+0-0=1 while E, - E,

=((1)).((1’)=1-0+0-1=0.

In general, X - X =(;) ())‘)) = x? + y? = X}%, so the length of any vec-

tor is the square root of the dot product of the vector with itself. We
therefore have X - X > 0 for all X, with equality if and only if X = 0.

The dot product has certain algebraic properties that are similar to
properties of ordinary multiplication of numbers:

(13) X-U=U-X Commutative law for dot product
(14) rX)-U=rX-U) Associative law for scalar and dot
product

(15) A-X+U)=A-X+A-U Distributive law for dot product

Each of these properties can be established easily by referring to the
coordinate definition. For example, if A = (Z), X= ( x ), and U =(z), we

have Y
A'(X+U)=(Z)‘(;:Z)=a(x+u)+b(y+v)
=(ax+by)+(au+bv)=(2).(;)+(z)_(z)
=A-X+A-U.

In ordinary multiplication of real numbers, the product ax equals zero
only if either @ =0 or x = 0. Note, however, that it is possible for the dot
product of two vectors to be zero even if neither vector is equal to zero. For

example, (%) ( ‘11) =2(=1)+2-1=0. (See Fig. 2.9.)

Exercise 8. Show that if rX = 0, then either r =0 or X = 0.

We may ask under which circumstances the dot product of two nonzero

vectors X and U will be zero, i.e., when do we have XU =(;) (g)

= xu + yv = 07 One possibility is that one vector lies in the first coordinate
axis and the other lies in the second coordinate axis, in which case the two
vectors are perpendicular. If X does not lie in either coordinate axis, then

x # 0 and y # 0. The slope of the line from the origin through (;) isy/x,

and this is not equal to zero. Since xu + yv = 0, it follows that yo = —ux.
If u=0, then v =0 as well. If 0, then ux#0, so —1=yv/ux=

(y/x)(v/ u). Thus, either U= 0 or the line from the origin to U =(z) has
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Figure 2.9

slope v/u equal to the negative reciprocal of y/ x, the slope of the line from
the origin to X. Therefore, these two lines must be perpendicular. It follows
that in every case if the dot product of two nonzero vectors is zero, then the
two vectors are perpendicular.

Retracing our steps, we easily see that, conversely, if X and U are any
two perpendicular vectors, then X - U = 0.

X

Exercise 9. Show that for any vector ( y

-y
( x )
Note that the line with equation

ax+by=90
may be described in two equivalent ways:

), we have (;) perpendicular to the vector

(i) The set of vectors X = (’}‘,) which are perpendicular to the vector (Z)

(ii) The line along the vector (—;zb ) (by Exercise 9, the vector (_ab) is
perpendicular to (Z)).

Exercise 10. Find a vector U such that the line with equation 5x + 2y =0 lies
along U.

Exercise 11. Find an equation of the form ax + by =0 for the line along the

vector ( ? )

Exercise 12. Find a vector U such that the line with equation y = 2x lies along U.



14 Linear Algebra Through Geometry

For any vector X=(§)), we have X-E|=(§,)-(:))=(x-l)+

(y-0)=x. Thus, the dot product of X with the unit vector E, is the
coordinate of the projection of X to the first coordinate axis. Similarly, the

dot product X - E, = ( x) (0) = y of the vector X with the unit vector E, is

YAl
the coordinate of the projection of X to the second coordinate axis.
More generally, if we have any unit vector W = (C?SI), we may use the
sin

polar form of the vector X = |X|( cpsg) to get a geometric interpretation of
sin

the dot product of X and W (see Fig. 2.10). We have
ww=(m(Gna))-(sne) - ((570)- (2)
= |X|(cosf cos ¢ + sinf sin $).
There is a basic trigonometric identity that states that
cosfcos¢ + sinfsing = cos(f — ¢) = cos(¢ — 6), (16)
so we have X - W = |X| - cos(f — ¢). Therefore, the dot product of a vector

X with a unit vector W is the product of the length of X and the cosine of
the angle between X and W. If this angle ( — ¢) is between 0 and 7 /2,

x=p(s2)
)

Figure 2.10
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>

6-¢

\X\ cos ©-¢)

Figure 2.11

then this number |X|cos(d — ¢) is the length of the adjacent side when the
hypotenuse is |X|. Thus, if X is a vector which makes an acute angle with
the unit vector W, then the dot product X - W is the length of the projection
of X to the line from the origin through W (see Fig. 2.11).

If the angle between X and W is greater than « /2, then cos(f — ¢) is
negative and the dot product X - W is a negative number. The projection of
X to the line from 0 through W will lie on the ray opposite the ray from 0
through W, and the length of this projection is the absolute value of the dot
product of X and W. (See Fig. 2.12). In all cases, then, we can say that the
dot product X - W represents the coordinate of the projection of the vector
X to the directed line from the origin through the unit vector W.

In general, if we take the dot product of two nonzero vectors in polar

form X = |X|(°°Sg) and U= |U|(cosi) we get

U= xI(5g) 0 el ) = il g ) (o8 ) = i uicosco - o)
(1

Thus, the dot product of two nonzero vectors is the product of their lengths
multiplied by the cosine of the angle between them.

We may use the dot product to calculate the angle between two nonzero
vectors just by writing

xu + yv

\/x2+yz\/u72+v2

cos(¢p — ) = |XHUI (18)
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} ¢ .

Figure 2.12

For example, if A=(';’), and B=(;), then |A|=y10, |B|=y5, and
A -B=5. Thus,
5 =

L
510 V2

cos(¢—0) =
and 0 — ¢ =7 /4.
Exercise 13. Find the angle between (%) and (g)
Exercise 14. Find the angle between (:;’) and ( _ 12)

Similarly, using the trigonometric relation

sin(¢p — 0) = sin¢cosf — cos¢psinb, (19)
we obtain an expression for sin(¢ — 8). Setting X = ( ;), U= (g), we have
cosf = —%—, sin0=——y—, cos¢ = u
VX2 +y? Vx2+ 2 u’ + v’
and
sin¢g = —r
u® + v?
and so
sin(¢p— ) = —— 2 . (20)

\/x2+y2 Vu? + 02
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I
~X/\
/
X
6-¢
U-X
Figure 2.13

Note that the sine of the angle from ( ) to ( y) is the opposite of the sine

of the angle from ( y) to ( ) We will return to this formula in Chapter 2.5.

If we apply this notion of dot product to the difference of two vectors, we
obtain an important result from trigonometry. We calculate the square of

the length of the segment from X = |X|(°°sg) toU= |U|( cos¢) (see Fig.

2.13):
U-X?=U-X)-(U-X)=U-U-X-U-U-X+X-X
=|UP?-2U - X + [X? = |UP + |X]* - 2|U| |X|cos(8 — ¢). (21)

Thus, the square of the length of one side of a triangle is the sum of the
squares of the lengths of the other two sides minus twice the product of
those lengths and the cosine of the angle between them. This result is
known in trigonometry as the law of cosines.

In particular, if the vectors U and X are perpendicular, so that the angle
between them is § —¢ = 7/2, then |[U—-X>=|UP+ |X|?, so X-U

= |X]|U|cos(8 — ¢) = 0. We thus have another proof of the result that two
nonzero vectors are perpendicular if and only if X - U = 0. In linear algebra,
we use the convention that the zero vector is perpendicular to every vector,
and we frequently use the synonym orthogonal instead of perpendicular.
We may thus say that two vectors X and U are orthogonal if and only if
X-U=0.

We use the notion of dot product to solve some geometric problems
which will be crucial in our further development of linear algebra:

(i) To find the projection of a given vector to a given line through the
origin.



18 Linear Algebra Through Geometry

(ii) To compute the distance from a given point to the line through the
origin with equation ax + by = 0.

(iii) To calculate the area of a parallelogram with one vertex at the origin.

(iv) To give a geometric interpretation of a system of two linear equations
in two unknowns (where both lines go through the origin).

(i) We already know that if W is a unit vector, then the dot product of X
and W represents the coordinate of the projection of the point X to the line
from the origin through W. We set Py/(X) (read “P sub W of X”) equal to
the vector on this line which is the projection of X to the line. Thus,
Py(X)=(X-W)W.

If U is an arbitrary vector, then we can find a formula for the projection
Py(X) of X to the line from the origin along U by using the above formula
to find the projection of X to the line from the origin through the unit
vector U/|U], i.e.,

X-U)U X-U)U
PU(X)=(X-L)—U—=( 2) _x-ou
Ul / 4] Ul (U-U)
Hence the length of the projection of X to the line along U is given by
‘X' U |_ X -y

(22)

07|~ 10 29

Alternatively, we may try to find the projection of X to the line along the
nonzero vector U by finding a scalar ¢ such that X — ¢U is orthogonal to U.
(See Fig. 2.14). In terms of the dot product, we obtain

0=(X-U)-U=(X-U)-1(U-U),

X

==

Py(X) = tU

Figure 2.14
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0= PU(B)

Figure 2.15

sot=(X-U)/(U-U) and the projection of X to the line along U is

PU(X)=tU=(%%)U

which agrees with formula (22).
ExAMPLE 3. To find the projection of B = ( ;) to the line along A = (‘;’ ), we
have (see Fig. 2.15)

PA(B)=(M)A=iA=

A-A A=

3

2

1

2
To find the projection of B = (;) to the line along U =( _2), we have

1
rum= (B Ju=(3)u-o.

(This fits with our intuition that if X is orthogonal to U, the projection of X
to the line along U will be the origin itself.)

1
to the line along (;)

Exercise 15. Find the projection of ( _21) to the line along (3 )

Exercise 16. Find the projection of (:]; )
Exercise 17. Find the projection of (?) to the line along ( _62)

Exercise 18. Find the distance from ( :13 ) to the line along (é)
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Figure 2.16

(i) Now we want to find the distance d’ from a point (;0) to a line L
0

with equation ax + by =0, where a and b are not both 0 (see Fig. 2.16).
The vector U =( :zb ) is a nonzero vector on this line and the vector

v =(Z) is a non-zero vector perpendicular to this line. The distance from

X= ( ;‘;) to the line L is then given by the length of the projection of X to

the line along V. By (23) we obtain

(;3) . (Z) - laxo + byl

B

If (;‘(’)) is a point on L, then the expression ax, + by, =0, so by (24),

d’ =0, as we expected.

.S
d = =
M

(24)

Exercise 19. Find the distance from (:: ) to the line y = 2x.

Exercise 20. Verify that the sum of the squares of the distances from a point X to
the perpendicular lines ax + by = 0 and bx — ay = 0 is equal to the square of the
length of X. '

(iii) Once we have the formula for the distance from a point to the line
along a given vector, it is an easy matter to find a formula for the area of a
parallelogram with one vertex at the origin. If the other three vertices are

=(a (b —[a+b :
A—(C), B —(d), and A+B (c + d)’ then the distance from A to the
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—_—

\ad-bc\ -
G s-(3)
v
N

Figure 2.17

line along B is given by formula (24) by the expression
lad — be|

Vb2 + d? '

Multiplying this distance by the length yb* + d? of the base B, we get
the formula

|ad — bc| = area of the parallelogram with sides (a) and (Z) (25)
¢
(See Figure 2.17.)
(iv) Let us try to solve the system of equations

2x+3y =0, (26)
4x—- y=0
for the unknowns x and y.

Suppose x, y is a solution. We define the vector X=(;). The first

equation then says that X (g) =0 and the second that X ( 41) =0.

Thus, the vector X is orthogonal to both the vectors ( g) and ( 41 ) This is

possible only if X = 0.
Hence, (x) = (O), so the only solution to (26) is x = 0, y=0.

Y 0
Now look at the general case of a system
ax + by =0, 27)
cx+dy=0,

where a, b, ¢, d are given constants such that not both a and b are zero and
not both ¢ and d are zero.

Of course, x =0, y =0 is a solution of (27). Are there others, and if so
what are they?
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Figure 2.18
Let x, y be a solution other than 0, 0. Set X = ( ;) Then X % 0 and
ay\ _ €)=
x-(b)-o and X (d) 0.

Thus, there is a nonzero vector orthogonal to both vectors (Z) and (Z,)

(See Fig. 2.18.) This can only happen where (Z) and (2) lie on the same
¢

line through the origin. Since ( d) # 0, there is some scalar ¢ with
(Z) = t( fi), and so a = tc and b = td. Also ¢t # 0. Every vector X on the
a

line perpendicular to ( b) is then orthogonal to both (Z) and (fi) Our

result is this:
(27) has a solution other than x = 0, y = 0 only when there is some scalar

t such that

a=t, b=1d.
In that case, there is a line consisting of solutions x, y, namely the line
orthogonal to (Z)

Exercise 21. Find all solutions to the system of equations
3x+2y=0,
4x —y=0.

Exercise 22. Find all solutions to the system of equations
5x+y=0,
—10x —2y =0.



CHAPTER 2.1
Transformations of the Plane

Recall the notion of a “function.” A function is a rule which assigns to each
number some number. This suggests the following definition: A transforma-
tion of the plane is a rule which assigns to each vector in the plane some
vector in the plane.

We denote transformation by letters 4, B, R, S, T, etc.

EXAMPLE 1. Let P be the transformation which assigns to each vector X the
projection of X on the line along the vector U = (;)

We write P(X) for the vector which P assigns to X and we call P(X) the
image of X (see Fig. 2.19).

Let X =(;) and let us calculate P(X). By formula (22) of Chapter 2.0,

x+2y

1
(X U\pg_*x+t2y | |_ 5
P(x)“(U-U)U 1+4 -

. 1)
2 %(x+2y) (

EXAMPLE 2. Let S be the transformation which assigns to each vector X the
reflection of X in the line along the vector (;)

Given X = (;), we want to find the coordinates of the point S(X) such

that the midpoint of the segment from X to S(X) is the projection of X to
the line along U =(;) Denote the coordinates of S(X) by x’, y'. Then
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n
: (1)
X
P(Y) f>
Z=/P(Z)
Figure 2.19

1(X + S(X)) = P(X), where P was defined in the preceding example. So,
X+ §(X) =2P(X)

and
S(X)=2P(X) - X

From formula (1), we then obtain

, x+2y
X X
s@=| =2, 2, |-
, 2(x + 2y)
5
+2
LG+
_ 5
+2
e Sy)~y

L

Thus

X\ _[—3x+iy
Y $x+3

For example, if X =( l(:))’ then S(X) =(§,) =(2)

Exercise 1. In each of the following problems, U is a nonzero vector and P denotes
the transformation which projects each vector X to the line along U. Let X =(;

and P(X) =(;’,), and calculate x’ and y’ in terms of x and y.



2.1 Transformations of the Plane 25

wo-(3)
o)
©u=(_)

(®U=“)

In each case draw a diagram and indicate several vectors and their images.

Exercise 2. Consider the line 5x — 2y = 0 and let P denote projection on this line.

If (Z) is a given vector and (Z) = P(Z), express a’ and b’ in terms of a and b.

Exercise 3. For each of the vectors U in Exercise 1, let S(X) =(;:) denote the

reflection of (’;) in the line along U. Calculate the coordinates x’ and y’ in terms of

x and y. In each case draw a diagram and indicate several vectors and their images.
Exercise 4. Let L be the line 5x — 2y =0, and let S denote reflection in L. If (Z) is

a given vector and (Z:) = S(Z), express a’ and b’ in terms of a and b.
ExaMPLE 3. Let D, be the transformation which sends each vector into
twice itself:

Dy(X) = 2X.

If x =(x) and D,(X) = ( ;',), let us calculate x’ and y'.

J
()= paov=2x=2(3)=(5))

x'=2x,
{f=b- @

An obvious generalization of this example consists in replacing the
number 2 by the number r and defining the transformation D, by D,(X)
= rX. For X =(;), D,(X) =(;,), then, we find that x’' = rx, y' = ry. We
call D, the transformation of stretching by r.

Fix a scalar § with 0 < 8 < 27. We define the transformation R, of
rotation by 0 radians as follows (see Fig. 2.20): Let X be a vector. Rotate the
segment from 0 to X around 0 counterclockwise through an angle of 6
radians. The endpoint of the new segment is Ry(X).

So

EXAMPLE 4. Let X =(§)) and set (;l,) = R, )X). Find x’, y". (See Fig.

2.21.) By rotati i i i 0) ), (% i
) By rotating the triangle with vertices (0 , ( y)’ ( O) through a right
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R,(Y)
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R,(X)

Figure 2.20

angle at the origin, we see that
x'= -y,

Exercise 5. Let X = ( ;) Calculate
(@) R, /2(X),

(b) R,(X),

(C) R21r(x)!

@) R, /4X).

A
Rr/Z(x) = (;) |

Figure 2.21



2.1 Transformations of the Plane 27
cos (¢ + 6)
R,(X) =Ix] sin (¢ + 0))

®+6

Figure 2.22

You may have found part (d) of Exercise 5 a bit difficult. Here is a
method that lets us calculate R,(X) for any #:

Set X =(;) and (;',) = Ry(X). We can write X and R,(X) in the form

cos¢

X= lxl( sin ¢

} Rx- R %),

sin ¢’

where ¢ is the polar angle of X, and ¢’ is the polar angle of R, (X). Then
¢' = ¢ + # and |Ry(X)| = |X|. (See Fig. 2.22.) So

cos(¢ + 6) cos¢ cosf — sin¢psinf
R = =
o(X) le( sin(¢ + 9)) ]X(sin¢c050+cos¢sin9)

_ [ 1X|cos¢ cos@ — |X|sin ¢ sin§
| |X|sin¢ cosB + [X|cos psin8 |

Now
[X|cos¢ = x, |X|sing = y.
So
x' xcosf — ysiné
= R x = ’
(y’) o) ()’c050+xsin0)
or

[ x' = (cosf)x — (sinf)y, )

Y =(sinf)x + (cosf)y.

Exercise 6. Interpret the results you obtained for Exercise 5 as corollaries of
formula (3), by giving @ suitable values.
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Figure 2.23

EXAMPLE 5. Let T, be the following transformation: T sends every horizon-

tal line y = ¢ into the parabola y = x? + ¢ by sending (x) into (xz):_ y)'

y
(See Fig. 2.23.) In other words, if X = ( ;) and (’;) =X’ = Ty(X), then
x'=x,
{yl = x2 +y (4)

Let S, T be two transformations. When do we say that they are equal,
ie., S = T? Recall that two functions f, g were called equal if f(x) = g(x)
for every number x. In a similar spirit, we say § = T provided

S(X)=T(X) forevery vector X.

ExaMPLE 6. The transformation R _,, ,, which rotates each vector clockwise
by 7 /2 radians, and the transformation R, , which rotates each vector
counterclockwise by 37 /2 radians, are equal, i.e.,

R —a/2 = R31r/2 .



CHAPTER 2.2
Linear Transformations and Matrices

In Chapter 2.1, we looked at a number of transformations of the plane. Let
us list the results we obtained for each transformation 7, giving x’, y’ in

x'\_ X
terms of x, y, where (y,) = T(y)'

(i) P = projection to the line along (;)

2(x + 2y)

(i) S is reflection about the line along ( )
+

II
u:|u
=
[(VYFN
=

\<\

I
(V1PN
=
+
w|Ww
NS

(iii) D, is stretching by r.
x'=rx,
yo=ry.
(iv) R, is rotation by # radians.
x' = (cos@)x — (sinf)y,
Y =(sin@)x + (cosf)y.
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(v) T, is the transformation of Example 5.
x' = x,
y=x+y.
Can we describe some single general type of transformation, expressing
x" and y’ each in terms of x and y, which includes the above examples as

special cases?
Let a, b, ¢, d be scalars. Denote by A4 the transformation which sends

’

each vector X = ( ))C,) into the vector X’ = ( ;, ), where

{x’=ax+by,

Y =cx+ady. (M

Settinga=1{, b=1%, c=1%, d=4, we re-obtain example (i) above. Setting
a=-3,b=4%,c=4%,d=1, we get (ii). Settinga=r, b=0,c=0,d=r,
we get (iii). If we take a = cosf, b = —sin#, ¢ = sinf, d = cosf, we obtain
(iv). However, no choice of a, b, ¢, d will give us (v).

A transformation 4 given by a system (1) is called a linear transformation
of the plane and the symbol

(5 a)
c d

is called the matrix of A, denoted m(A). The plural of “matrix” is
“matrices.” Reflection through a line and projection to a line are linear
transformations, provided the line goes through the origin. Stretchings D,
and rotations are also linear transformations. It is not possible to describe
all linear transformations in simple geometrical terms. However, Equations
(1) provide a simple algebraic description.

Let us list the matrices of the linear transformations (i)-(iv) considered
above.

=3 1)

(ii) m(S)=(—; ;)
(i) m(p,)=(" 9),

) m(Re)=(Sng " oomd)

v) T, is not a linear transformation.

We need the linear transformation which is the analogue of the function
f(x) = x. That function sends every number into itself. The identity transfor-
mation, denoted I, sends every vector into itself:

I(X) =X, for every vector X.
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Since I sends X = ( x) into I(X) = ( ;), the system

Y
x'=Xx,
y=y
describes /. Thus the matrix of I is
. _[1 0)
1= .
(vi) m(1)=(1 ¢

Finally, we need the linear transformation zero, denoted 0, which sends
every vector into the zero vector:

0X)=0, forallX
Evidently, the matrix of O is
.. 0) = (0 0).
(vii) m©=(o o
Next we introduce some useful notation. Let 4 be the linear transforma-

tion with matrix (f Z) and let X = ( ;) be a vector. We shall write

(2 2)6)=4(3)= 100 @

For instance, if D is stretching by 2, then
2 0\(x)\_ x\_(2x
(0 2)(y) - D(y) (Zy)’
or if P is projection on the line along (;), then
2
[ 1)0)-C)-
s/\) Yy

Let 4 have the matrix (f ;1), X=(x) and 4(X) =(;I,) Then

Wi W

Y
x'=px + qy,
Yy =rx+sy.
By definition (2),
(2 96)-4C)-(5)
ros)\y y y'r
and so
P 9\(x\=(PXtD
(r s)()’) (rx+sy)' &)

Formula (3) is basic. We interpret (3) as saying that the matrix ( f :]_) acts

on the vector ( ;) to yield the vector (‘f ;c _-:_- ;])))))



32 Linear Algebra Through Geometry

5 3)G)-GaD)
(3 5)0)=(ie)
((2) (2))(;)=(2x2-2y)
(90-E

Let A be an arbitrary linear transformation. We claim that A sends the
origin into the origin, i.e.,

A(0) =0,

for if (a Z) is the matrix of 4, then
c

(2 2)0)-(3)-

A basic reason why linear transformations are interesting is that a linear
transformation acts in a simple way on the sum of two vectors. Let 4 be the
linear transformation with matrix (a Z ) and let X = ( ;), X= ( ; ) be two

c
vectors.

AKX AT = A x+ X _|a b\(x+X

*+H= (y+y‘)—(c d)(y+y‘)
_ a(x+x)+b(y+)y) _ (ax + by) + (ax +by)
_(c(x+?c)+d(y+y) T\ (ex + dy) + (cx + )

Y e

Thus, we have found

=

A(x+i)=A(X)+A(i) 4)

for every pair of vectors X, X.
A similar calculation shows

A(1X) = tA(X), (%)

if X is a vector and ¢ is a scalar.

Exercise 1. Verify that formula (5) is true.
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Conversely, let B be a transformation of the plane. Let us not assume
that B is linear, but instead let us suppose that (4) and (5) are valid for B,

i.e., suppose

B(X+X)=B(X)+ B(X), B(iX)=1B(X), (6)
whenever X and X are vectors and 7 is a scalar. We claim that it follows
that B is a linear transformation, i.e., B is given by a system (1) for suitable
a b, c, d.

To see this, set E, = ((1)) and E, = ((l)) Then an arbitrary vector X = ( ;)
can be expressed as
x = XE] + yEz .

Set B(X) = ( ;',) By hypothesis,

B(X) = B(xE,) + B(yE,) = xB(E,) + yB(E,).
B(E,) can be written

B(E) - (1),

and similarly B(E,) =( %) Thus
x’ u w ux +w
=B = = Y
(3)=po0=x(3)(2)-(232)

"=ux + wy,

So

Yy =vx+zy.
Thus, x’, y* have the form of Eq. (1) of this chapter. Hence B is a linear
transformation, by definition. The matrix of B is ( z ‘z") Thus we have

proved that if B is a transformation satisfying (6), then B is a linear
transformation. Summing up, we have shown:

Theorem 2.1. Let A be a transformation of the plane. Then A is a linear
transformation if and only if for every pair of vectors X and X and every
scalar t:

AX+X)=A(X) + 4(X), (Ta)
and

A(1X) = 14(X). (7b)

Note: (7a) and (7b) together imply
A(1X + sX) = 14 (X) + s4(X) (®)
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for every pair of scalars ¢, s and every pair of vectors X, X. This is so, since
by (7a),

A(IX + sX) = A(1X) + A (sX),

while by (7b), 4 (1X) = t4(X) and A(sX) = sA(X). On the other hand, (8)
clearly implies both (7a) and (7b). Thus, in Theorem 2.1, we may replace
the two conditions (7a) and (7b) by the single condition (8). From now on,
when presented with a transformation T, if we wish to show that T is a
linear transformation, we can do either of the following: Show that T
satisfies (7a) and (7b) (or, equivalently, (8)), or show that there is some

matrix (‘; 2) such that for every vector X = ( ;), the vector 7(X) = ( ;:)

is given by:
x' = ax + by,
y'=cx + dy.

If A is the linear transformation with matrix (a z ), then A(E))
c

=(‘c’ Z)((l)) =(‘cz) and A(E,) =(‘c’ z)((l)) =(Z) Thus we can de-
scribe the matrix of A by saying that its first column is the image of the first

basis vector E, and the second column is the image of E,.

ExaMPLE 2. Let P denote projection on the line along U=(“), so

P(X) = ( XU )U. Then ’

U-u
' uz
= u u\ _ | u?+ o?
PE)=(—4=)(}) +ot |,
L u?+ 02
uv
2, .2
_ v uy _ | ¢ + v
P(EZ)—(uz-I-UZ)(U)— Dz
u? + v?
Thus the matrix of P is given by
u? vu
2, .2 2, .2
m(P) = u"+vo u +zv ) )
uv v

W+ 0t ur+ ol
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For example, if U is the unit vector U =(C,°Sg), then u? + v’ =1, so

sin
) )
py = [cos? smﬁcosﬂ)' (10)
m(F) (cos()sinH sin’d

Theorem 2.1 allows us to give a simple solution of the following geomet-
ric problem: Let 4 be a linear transformation and let L be a straight line.
By the image of L under A we mean the collection of all vectors 4 (X) when
X is a vector whose endpoint lies on L. We denote this image by A (L).

ExaMpLE 3. The image of the x-axis under the transformation R, /,, which
is rotation by = /2 radians, is the y-axis.

What kind of geometric object does the image of L under 4 turn out to
be? The answer is given by:

Theorem 2.2. Let A be a linear transformation and let L be a straight line.
Then the image of L under A is either a straight line or a single point.

ProoF. Remember from Chapter 2.0 that we can choose vectors X, and U
in such a way that L is described by

X=X,+ U, t a real scalar.
Thus, for each X on L,
X=X,+ U
Hence, by (7a) and (7b),
A(X) = A(Xy + 1U) = 4 (X) + t4 (U).
If A(U) # 0, then as X runs through all vectors with endpoint on L, 4(X)
runs through the collection of points
A(Xp) + tA(U),  treal
This is a straight line, and so the image of L under 4 is this line. (See Fig.

2.24) If A(U) =0, then A(X) = 4(X,) for each X with endpoint on L. So
the image of L under 4 is the single point 4 (X,).

EXAMPLE 4. Let 4 denote reflection in the x-axis and let L be the line along

the line along ( 2) is the image of L under 4. (See Fig. 2.25.)

EXAMPLE 5. Let P denote projection on the y-axis and let L be the x-axis.
Find the image of L under P. (See Fig. 2.26.) If X lies on L, then P(X) = 0.
Hence, the image of L under P is a single point, the origin.
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Xo

A(U)

A(Xo)

A(L)
Figure 2.24

Exercise 2. For each of the following transformation 7 calculate the image of the
X-axis.

(a) T is rotation by 45°.
(b) T is reflection in the line y = 2x.
(c) T is projection on the line y = x.

A(L)

Figure 2.25
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PX)|=0 X

Figure 2.26

Exercise 3. A is the transformation with matrix ( _% 8)

(a) Find the image of the line along (:: ) under 4.

(b) Find the image of the line along (Z) under A4.

Exercise 4. Let B be a linear transformation such that whenever X is a nonzero
vector, then B(X) 7 0. Show that for every straight line L through the origin, the
image of L under B is a straight line through the origin.

If X is a nonzero vector then the set of vectors {rX|0< r < 1} is the
segment from 0 to the point X. If X = 0, then the collection {rX|0 < r < 1}
contains only the zero vector, and in this case we say that the segment
degenerates to a point.

If T is any linear transformation, then 7'(rX) = rT(X), so the image of
the segment {rX |0 < r < 1} is the segment {r(T(X))|0< r < 1}, possibly
degenerate if T(X) = 0.

The set of points {U+ rX|0< r< 1} is also a segment, from U to
U+X.

If X and U are linearly independent vectors, then the set of vectors
{rX+ sU|0 < r<1,0< s <1} describes the parallelogram determined by
X and U (see Fig. 2.27). The sets (rX|0<r<1} and {(sU|0<s< 1)
form two edges of the parallelogram and the other two edges are {(rX+
U|0<r<1} and {X+ sU|0 < s < 1)}. The four corners of the parallelo-
gram are, in order: U, 0, X, U + X.

If X and U are linearly dependent, but not both 0, then the four points
U, 0,X, and U + X all lie on the same line and the set {rX + sU|0 < r < 1,
0 < s <1} is then a degenerate or collapsed parallelogram.
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U+X

Figure 2,27

If X and U are both 0, then {rX + sU|0 < r, s < 1} is also just the point
0, so the parallelogram degenerates to a single point.

If T is a linear transformation, then T(rX + sU) = rT(X) + sT(U), so the
image of the parallelogram IT= {rX+ sU|0 < r, s < 1} is the parallelo-
gram T(IT)= (+TX)+ sTU)|0<r<1, 0<s<1}. Even if X,U is a
linearly independent pair, the parallelogram T(IT) might be degenerate.

Exercise 5. Describe the parallelograms determined by the following pairs of
vectors:

@ (1))
® (1) (3)
© (1)(27)
@ (5) (1)

Exercise 6. Describe the images of each of the preceding parallelograms under the
projection to the first coordinate axis:

7(3)~ (o)

Exercise 7. Do the same for the linear transformation with matrix ( _; _3)



CHAPTER 2.3
Products of Linear Transformations

Let A and B be two linear transformations. We define the transformation C
which consists of 4 followed by B, i.e., if X is any vector

C(X) = B(A(X)).
We write C = BA and we call C the product B times A.

Associating to A and B their product B4 is in some ways analogous to
multiplying two numbers, and we shall pursue this analogy later on.

ExXAMPLE 1. B is reflection in the x-axis and A is reflection in the y-axis (see
Fig. 2.28). Find BA.

Choose X = ( ;) Then

AX)=("3) and B(ax)=(Z})
So

(BA)(X)=(:;)= -X.

Thus, BA sends each vector into its negative. In other words, BA = R_,
rotation by 7 radians.

Exercise 1. Show that if S, T are linear transformations, then ST and TS are linear
transformations. (Use (7a) and (7b) or (8) in Chapter 2.2.)

Exercise 2. Let 4, B have the same meaning as in Example 1. Show that 4B = R,,.

EXAMPLE 2. Let P be projection on the x-axis and Q projection on the
y-axis. Find QP. (See Fig. 2.29.)

If X =(7), then P(X) = () and so0 (QP)(X) = Q(P(X) = o(%) =(8)'
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A(X)

®
BA(X)

Figure 2.28

Thus QP is the transformation which sends every vector into the origin, i.e.,
QP =0.

ExaMPLE 3. Let A be a linear transformation and let I denote the identity
transformation. Let us find A7 and /4.
Fix a vector X

(AD)(X) = A (1(X)) = 4(X)

and
(I4)(X) = I(4(X)) = A(X).
Hence,
A=A and IA=A. )
4
X
P(Y) QP(Y) ! Y
QP(X) P(X)

Figure 2.29
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Note: The number 1 has the property that
al=la=a

for every number a. In view of (1), the identity transformation I plays the
same role in multiplying linear transformations as the number 1 does in
multiplying numbers.

Exercise 3. Let P be projection on the x-axis and let R, ,, be rotation by =/2
radians.

(a) Calculate PR, ;.
(b) Calculate (R, ;) P.

Observe that your answers for (a) and (b) in Exercise 3 are different.
Thus PR, /, # R, ,P. The commutative law of multiplication, i.e., the law
that ab = ba, which is valid for every pair of numbers a,b is false for the
product of linear transformations. That is, if 4, B are linear transforma-
tions, then sometimes AB = BA and sometimes AB # BA. If AB = BA, we
say that 4 and B commute. For instance, if 4 is any linear transformation
and I is the identity, then 4 and I commute.

Now suppose that A and B are two linear transformations having

matrices (‘; Z ) and (‘7 li ), respectively. What is the matrix of the
c d
transformation AB?
Let X =(x). Then

y
e[z ) [2:5)
¢ y cx + dy

a b||ax+ by
A(B (X)) = o
c d||tx+dy

o
Uy

So

AB(X)

(a(ax + By) + b(ex + dy)
c(ax + l;y) +d(tx + Jy)
r(a&' + Ec)x + (a5+ bd W
(ca@ +de)x + (cb +dd )y

raZz'+bE ab +bd || x

Lca+dE ch +dd y'
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So the matrix of AB is
(aZi+bE a5+b¢?). @
ca+dec chb+dd
We define the product of matrices m(A) and m(B) to be the matrix
m(AB) of AB. Thus

m(A)ym(B)=m(AB). 3)

In other words,

(a b)(a 5)=(a&+b6 a5+b¢7). @)
c dl\e d ca+dé ch+dd

Note that on the right-hand side of (4), the upper left-hand entry is the dot

-

the upper right-hand entry is

the lower left-hand entry is

ExaMPLE 4. Find the product (é ‘3’)( 51 ‘7‘) By formula (4),

(l 0)( 5 4)=(1-5+0-—1 1-4+0-7)=(5 4).
2 3/\-1 17 2:5+3-—-1 2:-4+3-7 7 29
Exercise 4. In each case, calculate the indicated product of two matrices:
@ (75 (7o o)

® (5 o)(o o
© (5 3G §)

Exercise 5. Let U be the linear transformation having matrix ((l) (l))

QO

(a) Interpret U geometrically.
(b) Show that UU = I.
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Exercise 6. Let ¥ be the linear transformation having matrix (? - (]) ) Show that
VV = R,, rotation by = radians.

Exercise 7. Let Ry and R, be rotation by angles of # radians and Q radians,
tespectively. Show that

RgRq, = R9+¢ ,
rotation by 8 + ¢ radians.
Exercise 8. Exhibit a linear transformation N such that N = 0, while NN = 0.

Exercise 9. Let A be the linear transformation with matrix (; : ;)

(a) Show that if X is any vector which lies on the line along ( } ), then 4(X) = 0.

(b) Show that if X is any vector, then 4(X) lies on the line along (é)
(c) Find a linear transformation B with B = 0 such that B4 = 0.
(d) Find a linear transformation C with C s« 0 such that 4C = 0.

If a,b,c are three numbers, then the associative law holds, i.e., (ab)c
= a(bc).
If A, B, C are three linear transformations, then

(AB)C = A(BC), (5a)
and
(m(A)ym(B))m(C) = m(A)(m(B)m(C)). (5b)

Note: (52) says that the associative law holds for multiplication of linear
transformations, while (5b) says that it holds for multiplication of matrices.

PROOF OF (5a): Let X be any vector. Then
((4B)C)(X) = AB(C(X)) = 4(B(C(X)))
= 4((BC)(X)) = (4(BC))(X).
Hence
(AB)C = A(BC).
So (5a) holds.

PROOF OF (5b): By definition of multiplication of matrices, if S and T are
linear transformation, then m(S)m(T) = m(ST). Hence, using (5a), we get

(m(A)ym(B))m(C)=m(AB)m(C)
= m((4B)C) = m(A(BC))
= m(A)ym(BC) = m(A)(m(B)m(C)).
Thus (5b) holds.
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Note: If (‘; Z ), (z f: ), and (f Z) are three matrices, (5b) yields

(& )G 2 9= alC 2z 9)

¢c dl\u v r s c d/\\u o/\r s])

We could obtain this equation directly, using formula (4), but that would
require more effort.

Let A and B be two linear transformations. By the sum of A and B,

A + B, we mean the transformation which assigns to each vector X the
vector 4(X) + B(X) so

(4 + B)(X) = A(X) + B(X), for each X.

If the matrix m(4) =(z Z) and the matrix m(B) =(
arn[(3)]=4)+50G)= (2 56)+(* £)i3)

=(ax+by)+(5x+5y)= (a+a)x+ (b+b)y
cx + dy ex + dy
=(a+a b+b_)(x).
c+¢ d+d y
Thus, A + B is a linear transformation and its matrix is(a'*"7 b +b).

c+d d+d
We define the sum of the matrices m(4) and m(B), denoted m(A4) + m(B),

as m(A + B). Thus
(a b)+( 5)=(a+5 b+l;)'
c d d c+¢ d+d
Similarly, if 4 is as above and ¢ is a scalar, we denote by ¢4 the

transformation defined by
(tA)(X) =14 (X), for every vector X,

(YRR~}

(c+&)x+(d+d)y

o Sl

and we define
tm(A) = m(tA).

t(a b)=(ta tb).
c d tc td

It follows that

EXAMPLE 5.

1 2 -1 0 1+2(-1) 2 (-1 2)
R ) e o B
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As an application of the notion of the sum of two linear transformations,
let us do the following example.

EXAMPLE 6. Let L be a straight line through the origin and denote by S the
transformation which reflects each vector in X. Let P denote the transfor-
mation of projection to L. If X is any vector, then 1(X + S(X)) = P(X).
Hence
X+ S(X) =2P(X),
and so
S(X)=2P(X) - X=(2P — I)(X).

Since this holds for every vector X, we get

S=2P-1I (6)

EXAMPLE 7. Let L be a straight line through the origin and denote by 8 the
angle from the positive x-axis to L. Find the matrix of the transformation S

which reflects each vector in L. (See Fig. 2.30.) The vector U = ( cgsﬁ) isa
sin

unit vector and lies on L. By (10) of Chapter 2.2, if P is the transformation
which projects to L, then
m(P)=( cos’8 sim‘)cosﬁ).
cosfsind  sin’f

By Example 6, S =2P - I, so

m(S)=2m(P)—m(1)=( 2¢05°f 2°°Sgsm9)‘(<]> (1))

2cosfsind  2sin’h

=(2cos20—1 200s0sin0)'
2cosfsinf 2sin’f — 1

Y = §(Y)

Figure 2.30
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By the double-angle formulae from trigonometry, we have

cos20 = 2cos¥ — 1, sin26 = 2sinf cos#.
So

§) = [cos20 sin20).
m(S) (sin20 — cos20 )

Exercise 10.

(a) Using (7) show that (m(S))? = m(I).
(b) Give a geometric explanation of the result of part (a).

Exercise 11. Using formula (7), find the matrix of the transformation which reflects

each vector in the line along (;)

Exercise 12. Let H, be the transformation with matrix (}( (i) Show

1 0\(1 0\_( 1 0 =
(k l)(m l) (k+m ]),andconcludethatHkH,,,—Hk+,,,.

Exercise 13. Let J, be the transformation with matrix ((1) 1;" ) Show that J,J,,
= Jk+rn'
Exercise 14, Conclude H,J,, and J,,H, for a given pair of scalars k, m.

Exercise 15. Describe the images of the unit square under the transformations
Hl 5 H2, H_ 1

Exercise 16. Describe the images of the unit square under the transformations
Ji,JnJ -y

Note: The transformations H, and J,, are called shear transformations.
The transformation K with matrix

m)=( )

is called a permutation and its matrix is called a permutation matrix.

Exercise 17. Let (‘c' Z) be a matrix. Show that
e 9+ 8
1 0/\c d a b
900969
c d/\1 0 d ¢

Note that multiplying a matrix on the left by a permutation ma'trix
interchanges the rows, while the corresponding multiplication on the right
interchanges the columns.

and
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Permutation matrices and shear matrices, as well as the identity matrix,
are called elementary matrices. A matrix

d 0
0 4,
with entries 0 except on the diagonal is called a diagonal matrix.
Theorem 2.3. Let (a Z) be an arbitrary matrix. We can find elementary
c

0 ), such that
d,

a b d 0
elez(c d)e3e4 = ( 01 dz) (8)

PROOF. Suppose a # 0. We have

190 9l w2
k 1/\¢c d ka+c kb+d)

Taking k = —c/a, we get
£ 9K 5)-(e 2
k 1/\c d 0 x/
where x = —(c/a)b + d. Also,
(a b)(l m)=(a ma+b)
0 x/\0 1 0 x '

Taking m = — b/a, we get

(5 26 7)=(G %)
2 2o 7)=(5 3

d
. . : 1
matrices e,,e,, ey, e, and a diagonal matrix ( 0

Thus we have

and so (8) holds.

What if a =0? Either (‘; Z) is the zero matrix, or some entry is

nonzero, say ¢ # 0. Then
6 0 -(c 9
1 0/\¢c d a bl
Since ¢ # 0, the preceding reasoning applies to (c Z) and we can
a

choose shear matrices e, and e, such that

(o plomeall oo
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is a diagonal matrix, where e, =(? (1)) So again (8) holds. If 50 or

d # 0, we proceed in a similar way to obtain (8).
ExXAMPLE 8. Let us find formula (8) for the matrix ((2) g)
5696 3
1 0/\2 3 0 5/
(5 o)G 26 =G 26 -6 %)
1 o/\2 3/l 1 0 s/\o 1 0 s/
Thus ((2) (5)) is the diagonal matrix of formula (8) here.

Exercise 18. Find elementary matrices e; and e, and a diagonal matrix (d' 0)

0 4
of? Do oD O
N3 3/ (o 4)

Figures 2.31a-f indicate the effects of elementary transformations and
diagonal matrices. Figure 2.31a shows the identity transformation I. Fig-
ure 2.31b shows the matrix with diagonal entries 2 and 1, Figure 2.31c
shows the shear transformation H,, Figure 2.31d shows the permutation

matrix K, Figure 2.31e shows the shear J,, and Figure 2.31f shows the
diagonal matrix with entries 1 and 2.

such that
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O -

(a) (b)

(©) )

© ®

Figure 2.31



CHAPTER 2.4
Inverses and Systems of Equations

§1 Inverses

If a,x, y are numbers, then
a(x+y)=ax+ ay.
If 4 is a linear transformation and X and Y are vectors, then by Theorem
2.1 of Chapter 2.2,
AX+Y)=A(X)+ A(Y).
Thus we see that the operation which takes a number x into the number ax
is somehow similar to the operation which takes a vector X into the vector
A (X), where A4 is a linear transformation.
Next, consider the equation:
ax =y (M
where a and y are given numbers, a # 0, and x is an unknown number. We
solve (1) by taking the reciprocal 1/a of a, and multiplying both sides by it,
arriving at :
2 (ax) 20 andso x e
As an analogue of equation (1) for vectors, we may consider a linear
transformation A and a vector Y and look for a vector X such that
AX)=Y. O]
To solve (2) we should like to have an analogue of the reciprocal for the
transformation A. Now the reciprocal 1/a satisfies

l-a=1 and a-l=1.
a a
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A reasonable analogue would be a linear transformation B such that

BA=1 and AB=1. 3)
Suppose we have found such a B. Then we can solve Eq. (2) by applying B
to both sides. This gives

B(A(X)) = B(Y).
But
B(A(X)) = (BA)(X) = I(X) =X,
so we get
X = B(Y). (4)

We can verify that (4) really gives a solution to (2) by applying 4 to both

sides of (4). This gives
A(X)=A(B(Y))=(4B)(Y)=1(Y) =Y,
and so (2) is valid.

The problem of solving Eq. (2) will thus be resolved, provided we can
find a linear transformation B satisfying BA = I and AB = I. Such a linear
transformation B is called an inverse of A.

Note that there is exactly one number which fails to have a reciprocal,
namely the number 0. It turns out that there are many linear transforma-
tions which have no inverse, and later on in this chapter we shall see how
we can decide whether or not a given linear transformation has an inverse.

Let A be a linear transformation. If B is an inverse of A, then B undoes
the effect of 4 on a vector in the following sense: if 4 sends the vector X to
the vector Y, then B sends the vector Y to the vector X.

To see that this is so, consider a vector X. Define Y = 4 (X). By 3),

(BA)(X)=I(X) or B(A(X))=X.
So B(Y) = X, as we have claimed (see Fig. 2.32).

EXAMPLE 1. Fix r # 0. Find the inverse of D,, i.e., of stretching by r, where
D, takes the vector X into the vector rX. To undo this, we must multiply
by the scalar 1/r. Thus, we set B = D, /»- Then if X is any vector,

(BD,)(X) = B(D,(X)) = B(rX) = L (rX) = x.
Hence, BD, = I. Also,
= = I (1x) =
(D,B)(X) = D,(B(X)) = D,( 1 X) = r( 7x) =X,
Thus, B satisfies (3) and so D, s» = B is an inverse of D.

EXAMPLE 2. Ry denotes rotation by # radians. Find the inverse of R /2
Let X be a vector. R/, rotates X by /2 radians counterclockwise
around 0. To undo the effect of R, ,, we can rotate by — 7 /2 radians.
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AX) =Yy _ BY) = BAX)

Figure 2.32

Thus, we set B=R_,,. If we prefer, we can write B = R;,,, since
rotation by — /2 radians and rotation by 37 /2 radians have the same
effect on each vector, and so R_, ,, = R;, ;. Then, if X is a vector,

(BR,/2)(X) = B(R, /(X)) = R_ /o R, 2(X)) = X.
Thus, BR, ,, = 1. Also,
(R, /2B)(X) = R, /3(B(X)) = R, (R _. /(X)) = X.
Thus, R,/,B = I. So B satisfies (3), and R_, , = B is an inverse of R, ;.

Exercise 1. Find an inverse of R3.4.

EXAMPLE 3. Let L be a straight line through the origin. Let S be reflection
in the line L. Find an inverse to S (see Fig. 2.33).

y Y =5(X)

X =S(Y) = 85(X)

Figure 2.33



2.4 Inverses and Systems of Equations 53

If we start with a vector X, then reflect X in L and then reflect in L
again, we return to X. In other words,

S(SX))=X or (S$HX)=X.
Thus, SS = I. Hence, if we take A = S and B = S, then (3) is satisfied. So
S is an inverse of itself.

Note: For numbers, the analogous situation occurs when a number a is
its own reciprocal, as in casea=1ora= —1.

Now let 4 be an arbitrary linear transformation. Can 4 have more than
one inverse? Assume that B and C are two linear transformations each of
which satisfies (3), i.e., assume

AB=1 and BA=1 )

and, also,
AC=1 and CA=1. (6)

By (5), BA = 1.

Hence, (BA)C = IC = C.

By the associative property, (BA)C = B(AC). So

B(AC)=_C.
By (6), AC = I, so B(AC) = BI = B. Hence,
B=_C.

We have seen, then, that if B and C each is an inverse of 4, then B = C.
In other words, 4 can have only one inverse. Thus we can speak of the
inverse of 4, and we denote this inverse, provided it exists, by 4 ~'. Thus,

A-A"'=Tand A7 - A =1 Examples 1, 2, and 3 can then be expressed
as follows:

(Dr)—I = Dl/r’
(R,”/z)-l = R—vr/2’
s '=s.

Exercise 2. Let T be the transformation with matrix (2 0), so that T( X ) =(2x
05 y 5y

for every vector (’;) Find the matrix of T~".

Exercise 3. Let T be the transformation with matrix (2 ;) Find the matrix of
T

EXAMPLE 4. Let P be projection on the x-axis. Suppose B is an inverse of
P. Then, BP = I, so (BP)(X) = X for every vector X.
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Choose a vector X = ( g) with y # 0. Then P(X) = (g), and so

(BP)(X) = B(P(X)) = B(g) =0.

Hence
X = (BP)(X)=0.

But X was not the zero vector, and so we have reached a contradiction.
From this we are forced to conclude that there is no linear transformation
B satisfying BP = I. So P has no inverse.

Next we observe that if 4 is a linear transformation which has an inverse
A~ then A satisfies the following condition:

The only vector X with 4 (X) = 0 is the vector X = 0. ©)

To see this, choose X with A(X) =0. Then 4 ~'(4(X)) = 4 ~'(0) = 0, and
also A~ '(A(X)) = (47 '4)X) = I(X) = X. So X = 0, and so (7) is true.

Now let 4 be a linear transformation with matrix (a Z ) We shall
c

prove:

Proposition 1. Condition (7) holds if and only if ad — bc # 0.
PROOF. Suppose ad — bc = 0. Then we have
A= )= (o aa) = 0)
a c d/)\ a —cb + ad 0/
A(2)=(2 A L)=(“5%)= (o)
—-c ¢ d/\-c 0 0
i —-b)=(0 d)= 0)
If (7) holds, it follows that ( a ) (0) and ( _C) (O . Hence a,b,c,d
are all zero, so A(X) =0 for every X. But then (7) is false, so we have a

contradiction. Hence if ad — bc = 0, then (7) does not hold.
Conversely, suppose ad — bc #0. Let X =(x) be a vector with A4 (X)

Y
_ 0\ _ =abx=ax+by)s
—0.Then(0) 4X) (c d)(y) (cx+dy' °
ax+ by =0,
cx +dy—0.

Multiplying the first equation by d and the second by b and subtracting, we
get
(ad — bc)x =0,

and hence x = 0. Similarly, we get y =0. Hence X =(;) =(g) Thus
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X = 0 is the only vector with 4(X) =0, so (7) holds. The proposition is
proved.

We saw earlier that if 4 has an inverse, then (7) holds and so ad — bc

% 0. Let us now proceed in the converse direction.

Consider a linear transformation 4 with matrix (a 3 ) Assume
c

ad — be #0. (8)

We seek an inverse B for 4. Set m(B)=(f Z), where p,q,r,s are

unknown numbers. We must have

(€ az 9)=0 %)

SO
ap+ br=1, 9)
cp+dr=0,

and
aq + bs =0,
cq+ds=1.

Hence

dap + dbr = d,

bep + bdr = 0,
and so

(ad — bc)p = d,
and, since (8) holds, we get

et
To simplify the notation, we set A = ad — bc.
Exercise 4. Using the system (9), show that

r= -Tc . (10)

Exercise 5. Using the relations
aq + bs =0,
cqg+ds=1,

show that

g=— and s=%. (11)
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We have obtained

d —b

PA_|A &

—c a

A I B Y

Exercise 6. Calculate

d —b d -b
—- —— |la b a b = —
_Ac ﬁ and _Ac 2
2 &) c 9\ T a

Show that both products equal ((1) (l))

Earlier we saw that if A has an inverse, then ad — bc # 0. Combining this
with Exercise 6, we have

Theorem 2.4. Let A be a linear transformation with matrix (a Z)
c

(1) If A has an inverse, then ad — bc # 0;
(ii) If ad — bc # 0, then A has an inverse B and

d =b

—| A A
m(B)=1| ", a | (12)

A A

where A denotes ad — be.

EXAMPLE 5. Let A have the matrix (; ‘2‘) Since 1-4—2-3=—-2%0, 4

has an inverse A ~'. The matrix of 4 ™' is

4 =2 _

__2 _2 _ 2 1 .
=3 _1 3 _1

-2 -2 2 2

EXAMPLE 6. Solve the system
x+2y=4, (13)
3x+4y=0

for x and y.
We write the system in the form

1(5)=6 206)=()



2.4 Inverses and Systems of Equations 57

- =2 1
By the preceding example, 4 ' has the matrix ( 32 —1 /2). Hence,

(3)=47() = (5 —1)(6)= (")

Hence, the solution is

§2. Systems of Linear Equations

We consider the following system of two equations in two unknowns:
ax + by = u, (14)
cx + dy =v.

For each choice of numbers u, v, we may ask: Does the system (14) have
a solution x, y? And if (14) has a solution, is this solution unique?
We may write the above system in matrix form by introducing the linear

transformation 4 with matrix (a z ) Then the system (14) may be written
c
AX)=1, (15)
. X (u
where X is the vector (y) and U —(v)'

Suppose that the transformation 4 has an inverse 4 ~'. For given vector
U,

A(A7'(U)) = (447 V) =1,

so X = A4 ~!(U) is a solution of (15). Conversely, if X is a solution of (15),
then

X=4"'4(X))=4""(U).
So (15) has the unique solution X = 4 ~'(U).
In particular, if U=0, we find that X =(g) =4 "(0) is the unique

0
solution of the system

ax + by =0, 16
cx+dy=0. (16)

This system, with zero on the right-hand side, is called the homogeneous
system associated with the system (14).

No matter what the matrix (‘:_ Z ) is, the homogeneous system has at

least one solution, the solution X = (8) This is called the trivial solution of
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the homogeneous system, and we have seen above that if 4 has an inverse,
then the trivial solution is the only solution of the homogeneous system. If
A does not have an inverse, then by Theorem 2.4, ad — bc = 0, and so by

Proposition 1 in §1 of this chapter, there is a nonzero vector X = ( ;) with

A(X)=0. Then x, y is a nontrivial solution of the homogeneous system
(16).
What is the totality of solutions of (16)? If a,b,c,d are all 0, then every

vector (;) in the plane is a solution. If a and b are both 0, but ¢ and d are

not both 0, then the solutions are all (x

y) with cx + dy =0, and so the

totality of solutions is the line cx + dy = 0. A similar statement holds if ¢
and d are both 0, but a and b are not both 0.

Finally, if 4 does not have an inverse and either a s 0 or b # 0 and, also,
either ¢ # 0 or d # 0, we may conclude that the totality of solutions of (16)

is the line through the origin orthogonal to (Z)

We can summarize what we have found so far in the following two
propositions.

Proposition 2. The system (14) has a unique solution for every vector (z) if

and only if the transformation A has an inverse.

Proposition 3. The homogeneous system (16) has a nontrivial solution if and
only if A fails to have an inverse. In this case the totality of solutions of (16) is
either the whole plane or a line through the origin.

Now suppose that 4 fails to have an inverse, and 4 #0. Then the
solutions of (16) form a line through the origin, or, in other words, if we fix
one nonzero solution X" of (16), then every solution of (16) equals rX* for
some scalar ¢. If X and X are two solutions of the system 4(X) = U, then

AX-X)=4X)-A(X)=U-U=0,
so X — X is a solution of (3). Hence X — X = ¢X" and so for some ¢,
X =X +X"

We can therefore describe all solutions of the nonhomogeneous system (15)
in the following way:

Proposition 4. Assume A is not the zero transformation. If A does not have an
_ inverse, then if Xisa particular solution of (15), so that AX)=U, we may
express every solution of (15) in the form X + X", where X" is a non-trivial
solution of the homogeneous system (16).
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ExampLE 7. Find all solutions of the system
x+2y=3, (17)
~2x —4y = —6.
The corresponding homogeneous system is
x+2y=0,
—2x—4y=0.

and the solutions to this system are the multiples t( —12) of a vector X"

perpendicular to (;) and ( :i) We observe that (;) =( i) is a particu-

lar solution of the system (17), so it follows, by the above proposition, that
the set of all solutions is given by

(1) ()22

1 1 1+¢

ExampLE 8. Find all solutions of the system
x+2y=3,

—2x+4y = —6.

1 2
-2 4
unique solution to the system (18) is given by

HE -0

812 1 \-6 0/

EXAMPLE 9. Find all solutions of the system
x+2y=3,

(18)

In this case the matrix ( ) has an inverse, %(; _12), so the

19
—2x—4y="5. (19)

In this case the system (19) has no solution. If we had a solution to the
first equation, we could multiply both sides of the equation by —2, to get

—2x —4y = —6,
and this is inconsistent with the second equation,
—2x—4y=5.

More generally, we can get a solution of the system
x+2y=u,
—2x—4y=v0
if and only if
—2x—4y=—-2u
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and

—2x—4y=v
are consistent, i.e., if —2u = v. For example, in the system (17), we have
u=3v=—6.

Exercise 7. Find all solutions of the following systems.

(@) 2x+y=0,
3Ix—y=0.
(b) 2x+ y =0,
—4x -2y =0.
Exercise 8. Find all solutions of the following systems.
(@ 2x+y=1,
Ix-y=1
(b) 2x+y=1,
—4x-2y=1
Exercise 9. Find all solutions of the system
2x+y=1,
—4x =2y =-2.
Exercise 10. Find all solutions of the system
x+y=10,
5x + 5y =50.
Exercise 11. For what choices of the numbers u, v does the system
x+y=u,
S5x+5y=v

have a solution?

§3. Inverses of Shears and Permutations

Recall the elementary matrices, H,, J,, and K which we discussed at the
end of Chapter 2.3. We had

iy =(1 ) m=(3 5 m=(3 1)

E;(ercise 12. Show that
H'=H_,, J’'=J_,, K '=K



CHAPTER 2.5
Determinants

Let A be a linear transformation with matrix (a Z ) The quantity
c

ad — bc
is called the determinant of the matrix (a Z) and is denoted
c
a b 1
c d| M
Expressed in these terms, Theorem 2.4 states that A has an inverse if and

only if

a Zl # 0. We shall see that the determinant gives us further
¢

information about the behavior of 4.

Consider a pair of vectors X, X, regarded as an ordered pair with X first
and X, second. Denote by a the angle from X, to X,, measured counter-
clockwise, and assume that a 0 and a # 7.

If sina > 0, we say that the pair X, X, is positively oriented. This holds
exactly when « lies between 0 and = (see Fig. 2.34). If sin « < 0, we say the
pair X,, X, is negatively oriented. This holds if « is between n and 2= (see
Fig. 2.35).

ExampLE 1. The pair E,, E, is positively oriented (see Fig. 2.36). The pair
E,, —E, is negatively oriented (see Fig. 2.37). The pair E,, E, is negatively

. . . (1 —1\. .\ . .
oriented (see Fig. 2.38). The pair <2>, < ) ) is positively oriented (see Fig.
2.39).

We saw in (20), Chapter 2.0, that if (;) and (Z) are two vectors and if «
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X,

; I
X:
X,
[+3 x‘ /
N
O0<a<rm r<a<2r
sina>0 sina<0

Figure 2.34 Figure 2.35

is the angle from (;) to (g), then

Xv — yu

sina = .
\/x2 + y? Vu? + o2

X
Y1
tell from the numbers x,, y,,X,, y, whether or not the pair X,X, is
positively oriented? Let « denote the angle from X, to X,, measured
counterclockwise. By the preceding,

X1 Y2~ V1%

2, 2. (2, 2
\/xl + 7 ‘/xz + 3

Now let X, =( ), X, =(;2) be a given pair of vectors. How can we
2

sina =

@)

W
s
\ 4

Figure 2.36
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N e :
.

I -E,

Figure 2.37

Hence, sina >0 if and only if x,y, —y,x,>0. But x,y,— y;x,=
Xy X

" pal So, we conclude:

The pair X, , X, is positively oriented if

X X

d only if the determinant
and only i erminan Y. P

>0. 3)

Next let 4 be a linear transformation which has an inverse. We say that
A preserves orientation if whenever X,,X, is a positively oriented pair of

Ez A

4 - .
N

Figure 2.38
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Figure 2.39

vectors, then the pair 4(X,),4(X;) of image-vectors is again positively
oriented.

ExAMPLE 2.

(a) Rotation by R, ,, preserves orientation;
(b) D,, stretching by 3, preserves orientation;
(c) reflection in the x-axis does not preserve orientation.

Let A be a linear transformation which preserves orientation and let

(a Z) be its matrix. Set E; =((l)), E, =((1)) The pair E,, E, is positively
c

oriented. Hence, the pair 4(E,), 4 (E,) is positively oriented. 4(E,) =(z),
AEy) = (Z) So by (3), we have

a b

> 0.
c d

Thus, if A preserves orientation, then the determinant is positive. Con-
versely, suppose (a la)V) >0 and let us see whether it follows that A
c

Xy

preserves orientation. Let X, =(y
1

), X, =(;2) be a positively oriented
2

pair of vectors. Then

a b\[(x) _ ax,+by,.
A(X')=(c d)(yl)_(cx,+dy,)
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and
a b\[x,\ _ ax2+by2)
A% = (C d)(}’z) (cx2 +dy, |
The pair 4(X,),4(X,) is positively oriented, by (3), if and only if the
determinant

ax, + by, ax,+ by,

> 0.
cx,+dy, cxy+dy,

This determinant equals
(ax; + by)(cx, + dyy) — (ax; + by,)(cx, + dyy)
= acx,x, + bdy, y, + adx, y, + bcy,x,
—acx,x; — bdy, y) — adx, y, — bey,x,
= ad(x,y,~ Xy 1) = be(x1y2 = X2 91)
= (ad = bc)(x,p2 = X2.01)-
So we have found

ax, + by, ax2+by2=a bl [x1 x, @)
cx, +dy, cx,+dy, c d|l|yi »n )
x
Since X,,X, is positively oriented, the determinant ;'l )’i > 0. By hy-
pothesis, Ia bl > 0. So
c d
ax, + by, ax,+ by, >0,
cx,+dy, cx,+dy,
and so the pair 4(X,),4(X,) is positively oriented. If |4 bl < 0, the same

c
calculation shows that 4 (X,), 4 (X,) is negatively oriented. In the preceding,
the pair X, X, could be any given positively oriented pair of vectors. So we
have proved the following:

Theorem 2.5. Let A be a linear transformation with matrix (“ Z) If
c

'a b

c d

preserve orientation.

>0, then A preserves orientation. If

a bl <0, then A does not
c d

Let us say that A reverses orientation if whenever X,,X, is a positively
oriented pair, then 4(X,),4(X,) is a negatively oriented pair. If we look
back over our preceding argument, we see that, in fact, we have shown: if
a b
c

< 0, then A reverses orientation.
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X,

Figure 2.40

Next, we shall calculate the effect of a transformation 4 on area. Let A
a b
d

have the matrix (a b ) and assume
c d c

> 0. Let = be a parallelogram,

two of whose sides are the vectors X, = ( ;' ) and X, = ( ;2 ), such that the
1 2

pair X, X, is positively oriented.
Let A () be the image of = under 4, i.e., A(7) = {A(X)| X is a vector in

n} (see Figs. 2.40 and 2.41). By (3), l;’ ;2‘ > 0. By (25), Chapter 2.0,

1 2
X, X
area(m) = )’11 }’i . 3)
y
A(Xy)
Al(n)

A(X))

Figure 2.41
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By Theorem 2.5 A(X,),4(X,) is a positively oriented pair. By (5), with
A(w) replacing 7,
ax,; + by, ax,+ by,

area( (m)) = cx, +dy, cx,+ dy,

i i i a b|.|* *2| Thys, we have
By calculation (4), this determinant equals e dl I »l us,
area(A (7)) = ‘Z Z area(m). (6)

If we instead assume that

a Z' <0 and perform the corresponding
c

calculation, we get

area(A(m)) = — ‘cz Z area(). (7

We thus have:

Theorem 2.6. Let A be a linear transformation with matrix (‘Z Z) such that

a z I # 0. If w is any parallelogram with one vertex at 0, then
c

area(A (7)) = (absolute value of| ¢ Zl) area(w).

4

We can derive an interesting consequence from Theorem 2.6. If C is a
linear transformation, we write det C for the determinant of the matrix of
C. Now let 4, B be two linear transformations. Assume det4 > 0, detB
> 0. Then A preserves orientation and B preserves orientation. It follows
that BA preserves orientation. Let Q be the unit square Q = {(x, y)|
0<x<1L,0< y<1}.

(BA)(Q)=B(A4(Q2))
SO
area((BA)(( Q))) = area(B(A4(Q))) = (det B)area(4( Q)),
by Theorem 2.6. Hence,
det(BA)area( Q) = (det B)(det4)area( Q).

It follows that

det(BA) = (det B) (detA). ®)
We have obtained this under the assumption det4 >0 and detB > 0.
Recall the earlier result:

a b
c d

ax, + by, ax,+ by, X X,

Jr )2

cx; +dy, cx,+dy,
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For this formula, (“ b ) and (x, x2) are any two matrices, and on the
c d Y )2
left-hand side we have the matrix of (a b )(x' xz)_ So (8) is true
c diI\)r N

without restriction. We have:

Theorem 2.7. If A, B are two linear transformations, then
det(BA) = (det B ) (det4).
Exercise 1. Calculate the product of the matrices (; i) and ( _01 ;) and verify
Th 2.7 wh A=(1 2) =(—1 ').
eorem when 3 4 and B 0 5

Exercise 2. Let Q be the square of side 1 whose edges are parallel to the coordinate
axes and whose lower left-hand corner is at (g) If 4 is a linear transformation,
define

A(Q) = {A(X)]|the vector Xisin Q }.
In each of the following cases, sketch A( Q) and find area(4(Q)).

(i) Matrix of 4 is (} (l’)

(ii) Matrix of 4 is (2 O).

13
(iii) Matrix of A is (a b).
c d

Exercise 3. Show that the conclusion of Theorem 2.6 remains valid when = is any
parallelogram, not necessarily with one vertex at 0.
Exercise 4. In this exercise Q,, 05, etc., are rectangles with sides parallel to the

axes. Q is the square of side 10 with lower left-hand corner at (8) 0, and Qs are

squares of side 2 with lower left-hand corners at (g) and (g), respectively. Q, is a

square of side 1 with lower left-hand corner at (4"‘5 ) Qs is the rectangle of height 1,

base 4, with lower left-hand corner at (:;') We denote by W the region obtained by

removing from Q, the figures Q,, 03, Q4 Os.
(a) Draw W on graph paper.
(b) Let A4 be the linear transformation having matrix (: ?)

(c) Draw the image A4 (W) on graph paper.
(d) What is the area of 4(W)?
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§1. Isometries of the Plane

Let us find all linear transformation T which preserve length, i.e., such that
for every segment, the length of the image of the segment under T equals
the length of the segment, or, in other words, whenever X, and X, are two

vectors, then
IT(XI) - T(Xz)l =X, = X,|. 9

Such a transformation is called an isometry.
We know that T(X,) — T(X,) = T(X, — X,). So (9) says that

IT(X, — Xo)| = [X; — X,|.
Hence (9) holds, provided we have
I T(X)| = |X| for every vector X. (10)

Conversely, if (9) holds, we get (10) by setting X, = X, X, = 0. So (9) and
(10) are equivalent conditions.
Let T be a linear transformation satisfying (10) and denote by (“ Z
c

the matrix of 7. What consequences follow for the entries a, b, ¢, d from the

fact that T preserves length, i.e., that (10) is true?
Set X =(x). Then

y
r=(2 o)) (618)
|T(X)| = \/(ax + by)’ + (cx + dy)? .

Since |T(X)| = |X| =yx* + y?, we have

\/(ax +by)’ + (ex + dp)? = x>+ y?,

and so, simplifying, we get

a’x® + 2abxy + bY? + ¢ + 2cdxy + dy? = x? + y?,

and so

ie.,
(@ + A)x? + (b + d?) y? + (2ab + 2ced)xy = x> + yL. (1
. X .
This holds for every vector X = ( y). Setting X = ((1)), we get
(i) a?+ct=1
and setting X = ((l))’ we get

(ii) b +d>=1.
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Inserting this information in (11) and simplifying, we get
(2ab + 2cd)xy = 0.

Setting x = 1, y = 1 and dividing by 2, we get

(iii) ab + cd=0.

Thus relations (i), (ii), and (iii) are consequences of (10). We can interpret
these relations geometrically. Set

_{(a _(b
U= (c)’ V= (d)
Then (i), (ii), and (iii) say that:
[Ul=1, |V|=1, and U-V=0.

Since |U| = 1, we can write (‘c’) =U= ((s::)nsg)’ where 8 is the polar angle of

U, so a = cos#, ¢ =siné.
Since U-V =0 and |V| =1, V is obtained from U either by a positive or

a negative rotation by «/2. In the first case, (b) =V=R, /2( 0930)
d sinf

=( —sin0), so b= —sin#, d = cosf. Hence,
cosf
a b)_(cosb —sin0)
(c d) (sin0 cosf /) (12)
In the second case, (Z) =V= R”"/Z(Z?;g) =( _8210‘:0), so b =sind,
d = —cosf. Hence,
a b)_[cosf sinf ) 13
(c d) (sin0 —cosf/) (13)

We recognize the matrix (12) as the matrix of the rotation R, (see Fig.
cos 20  sin 20 ) ;

sin 20 —cos 20
the matrix of the reflection in the line through the origin in which forms an

cosf sin @ )
sind — cosd
in (13) is the matrix of reflection through the line forming an angle § 6 with

the positive x-axis. So we have:

2.42). Also, we recall that in Chapter 2.3, we saw that (

angle § with the positive x-axis. It follows that the matrix (

Theorem 2.8. Let T be a length-preserving linear transformation, i.e., assume
ofi ; : . [cos® — sin0) some
that T satisfies (10). Then either the matrix of Tis ( inf  cosd for
number 0 and then T is rotation R,, or else the matrix of T is
(cosﬂ sin ), and then T is reflection through the line through the origin
sinf — cosf '
which forms an angle of 8/2 with the positive x-axis.
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-siné
cos @

Figure 2.42

Exercise 5. For each of the following matrices, the corresponding transformation is
either a rotation or a reflection. Decide which case occurs for each matrix. When it
is a rotation, find the angle of rotation, and when it is a reflection, find the line in
which it reflects.

() ('—l/‘/f l/\[z_)’

12 12
o (% )
© (7 o)
Exercise 6. A transformation T is length preserving and the matrix of T is (‘; Z)

(i) Show that the determinant l“ Zl is either 1 or —1.
C

(ii) Show that T is a rotation when the determinant is 1 and a reflection when the
determinant is — 1.

Exercise 7. Let T, T, be two length-preserving transformations.

(a) Show that T, T, is length preserving.
(b) Show that if T| and T, are both reflections, then T,T, is a rotation.
(c) Show that if T, is a rotation and T is a reflection, then T, T, is a reflection.

Exercise 8. Let T, be reflection through the line along (i) and let T, be reflection

through the line along (;) Write T,T, in the form T,T, = R, and find the num-
ber 6.
Having studied the effect of a linear transformation on area and length,

we can ask what happens to angles. Let L, L, be two rays beginning at the
origin and let # be the angle from L, to L,, measured counterclockwise. Let
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L,

L,

Figure 2.43

A be a linear transformation having an inverse. The images 4(L,) and
A(L,) are two new rays beginning at 0. Denote by 8’ the angle from 4 (L))
to A(L,) (see Figs. 2.43 and 2.44). If §' = 0 for each pair of rays L,, L,,
then we say that A preserves angle.

We devote the next set of exercises to studying those linear transforma-
tions which preserve angles.

Exercise 9. Let 4 and B be two linear transformations which preserve angles. Show
that the transformation 4B and BA preserve angles.

Exercise 10.

(a) Show that each rotation R, preserves angles.
(b) Show that each stretching D, preserves angles.

)
A(Ly)

0'

A(L2)

Figure 2.44
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Exercise 11. Let R, and D, be rotation by 6 and stretching by ¢, respectively. Then

_ (cosb —sin0)
m(Rs) (sinB cosf

and

nio=(; %)

(a) Show that D, R, preserves angles.
(b) Find the matrix m(D,Ry).
(c) Show there exist numbers a,b, not both 0, such that m(D,Ry) =

(2 2)

Exercise 12. Show that if a, b are any two numbers not both 0, then the transforma-
a

tion whose matrix is ( b b ) preserves angles.
a

Exercise 13. Let 4 have the matrix (tol :)) Show that A preserves angles if and
2

only if ¢, = 1,.

In the following exercises, 4 denotes a linear transformation which

preserves angles and (a 3) = m(A).
¢

; =(1 (0 —(a _(b
Exercise 14. Set E, —(0), E, _(l)' Then A(E)) _(c)’ A(E,) —(d). Show that
the angle from (g) to (Z) is 7 /2.

t,cos @

1,sin 8

Exercise 15. Write (‘c’) in the form (‘c’) =(

) where ¢, > 0. Show that (Z)

can be expressed in the form (Z) =( —;tgzlsnoo)’ where 1, > 0.
2

Exercise 16. By the preceding,

a b\ _[(ticosf —t,;sind
c d t;sind  t,cosf |

a b - cos§ —sinf\(t, O
c d sinf cosf J\O &)

Exercise 17. Denoting by B the transformation with matrix (t(; to), by the
2

Show that

preceding exercise, we get A = RyB.

(a) Show that B preserves angles.
(b) Using Exercise 13, show that 7, = t, and deduce that B equals the stretching
D,, where r = t,.
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Exercise 18. Use the preceding exercise to prove the following result: if 4 is a linear

transformation which preserves angles, then A4 is the product of a stretching and a
rotation.

Exercise 19. Show that if A is a linear transformation which preserves angles, then

the matrix of 4 has the form ( ab b).
-b a

§2. Determinants of Shears and Permutations

Recall the elementary matrices

m =y 1) meo=(g ) meo=(] )

Exercise 20. Find the determinants for m(H,), m(J,), and m(K).



CHAPTER 2.6
Eigenvalues

ExAMPLE 1. Let L be a line through the origin and let S be the transforma-
tion which reflects each vector in L. If X is on the line L, then S(X) = X. If
X is on the line L’ which goes through the origin and is perpendicular to L,
then S(X) = —X.

Let T be a linear transformation. Fix a scalar z. If there is a vector X # 0
such that T(X) = ¢X, then we say that ¢ is an eigenvalue of T. If ¢ is an
eigenvalue of 7, then each vector Y such that T(Y)=tY is called an
eigenvector corresponding to .

In the preceding example, t=1 and = —1 are eigenvalues of the
reflection S. Every vector Y on L is an eigenvector of S corresponding to
t=1,since S(Y)=Y=1:Y. Every vector Y on L’ is an eigenvector of S
corresponding to t = — 1, since S(Y) = —Y = (—1)-Y (see Fig. 2.45).

Let T be a linear transformation. A vector X # 0 is an eigenvector of T,
corresponding to some eigenvalue, if and only if T takes X into a scalar
multiple of itself. In other words, X is an eigenvector of T if and only if X
and T(X) lie on the same straight line through the origin (see Fig. 2.46).

ExaMPLE 2. Let D, be stretching by r. Then for every vector X, D,(X) = rX.
Hence, r is an eigenvalue of D,. Every vector X is an eigenvector of D
corresponding to the eigenvalue r.

EXAMPLE 3. Let R,;, be rotation by n/2 radians. If X is any vector #0, it
is clear that X and R,,(X) do not lie on the same straight line through the
origin. It follows that R, has no eigenvalue (see Fig. 2.47).

Exercise 1. Let L be a straight line through the origin and let P be the transforma-
tion which projects each vector X to L (see Fig. 2.48).
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X = 5(X)

S(Y)=-Y

Figure 2.45

(a) Show that 0 and 1 are eigenvalues of P.
(b) Find all the eigenvectors which correspond to each of these eigenvalues.
(c) Show that P has no eigenvalues except for 0 and 1.

Exercise 2. Find all eigenvalues and corresponding eigenvectors for each of the
following transformations:

(a) Rotation by 7 radians,
o 1,
(c) 0.

Let A be a linear transformation and (a b ) its matrix. Assume ¢ is an

eigenvalue of 4 and (;) is a corresponding eigenvector with (;) #—-(g)

4

T(X)

Figure 2.46
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Rr/Z(X)

Figure 2.47

Then A(;) = t(x), )

(2 26)=C)

or
ax + by = tx,
cx+dy=t,
and so
(a—t)x+by=0,

cx+(d—1t)y=0.

A

Y

P(Y) =0Y

P(Z) =1z

Figure 2.48

71
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But x, y are not both 0. So we can apply Proposition 1, Chapter 2.4, and
conclude that

(a—t)(d—t)—bc=0. Q)
Equation (1) can be expressed in the equivalent forms:
a—t b
=0,
¢ d—1t @)
and
1*—(a+d)t+ (ad—bc)=0. 3)

We call Eq. (3) the characteristic equation of A. We have seen that if ¢ is
an eigenvalue of A4, then 7 is a root of Eq. (3). Furthermore, since ¢ is a real
number by definition, ¢ is a real root.

Conversely, suppose that  is a real root of (3). Let us show that ¢ is then
an eigenvalue of 4. By assumption,

a—1 b |_ 0.

¢c d-t

By Proposition 1, Chapter 2.4, there exists a pair of scalars x, y with

(’)C,) sﬁ(g) such that (a ; ! d?- t)(j’) =(g), and so

(a—tHx+by=0
and

cx+(d—-1t)y=0.
This implies that

ax + by = x,
cx +dy =ty,
SO
(¢ 2)5)=C)
c d/\y y

X

Thus, 7 is an eigenvalue of 4, and ( )

) is an eigenvector corresponding to ¢.
In summary, we now know:

Theorem 2.9. A real number t is an eigenvalue of the linear transformation A
if and only if t is a root of the characteristic equation of A.

Exercise 3. Find the characteristic equation and calculate its roots for each of the
following transformations:

(a) stretching D,;
(b) rotation Ry;
(c) reflection in the y-axis;

(d) reflection in the line along (:)



2.6 Eigenvalues 79

Note. By an eigenvalue (or eigenvector) of a matrix we shall mean an
eigenvalue (or eigenvector) of the corresponding linear transformation.

ExaMPLE 4. Find all eigenvalues and eigenvectors of the matrix ( i _43 )

SoLuTioN. The characteristic equation here is
3—1¢ 4 =0

4 —3—1
or
> —25=0.
Its roots are = 5 and ¢t = — 5. So, the values 5 and —5 are the eigenvalues.

Let us find the eigenvectors which correspond to ¢ = 5. We seek ( x) with

=) y

Thus,
3x +4y = 5x,
4x — 3y =5y,
sO
—2x+4y =0,
4x — 8y =0.

It follows that x = 2y. Thus, an eigenvector with eigenvalue 5 has the form

(%)

Conversely, every vector of this form is an eigenvector for

(3 4 \(2y 10y 2y
= =5 .
4 =3\y S5y y
Notice that the eigenvectors we have found fill up a straight line through

the origin. Try to find the eigenvectors of ( i 43) which have —5 as
their eigenvalue.

We now turn our attention to a class of matrices which occur in many

applications of linear algebra, the symmetric matrices. A matrix (a b) is
c

called symmetric if b = c, i.e., if the matrix has the form (f t). The matrix
u

(Z 43 ), which we studied in Example 4, is symmetric.
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Let A be a linear transformation and assume m(A) =(Z b ), so that
¢
m(A) is symmetric. The characteristic equation of A4 is

a—1 b

=0,
b c—t

or
(a—t)(c—0)—b*=r"—(a+c)t+ (ac—b*)=0. )
The roots of (4) are

atcxyf(at o) - 4ac— b

! 2

Simplifying, we obtain
(a+ c)z— 4(ac - bz) = a’+ 2ac + c* — 4ac + 4b*
=a’—2ac+ c* +4b%> = (a — c)*+ 4b%.
Since (a — ¢)* + 4b? > 0, its square root is a real number. We consider
two possible cases:
(i) (a— c)* +4b>=0;

then a = ¢ and b =0, so m(A) =(a b) =(a 0), and so A is stretching,
b ¢ 0 a

A = al.

(ii) (a — ¢)*+4b*> > 0;
then (4) has the two distinct real roots

(a+c¢) +\/(a - c)2 + 4b?
=

e 2

and
(a+c)—y(a—c)*+4b’
t,= 3
By Theorem 2.9, ¢, and t, are eigenvalues of 4. We have proved:

Proposition 1. Let A be a linear transformation with symmetric matrix

(a b). Then either A = al or A has two distinct eigenvalues t,t, where

b ¢
t = %((a +c)+y(a—c) + 4b? ),

t2=%((a+c)— (a—c)*+4b° )
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Exercise 4. For each of the following matrices, find two eigenvalues of the corre-
sponding linear transformation:

03 %)
(i) (} {)
(iii) (é ‘/:—)

Exercise 5. For each of the linear transformations in the preceding exercise, find
one nonzero eigenvector corresponding to each eigenvalue. Show that in each case,
if X;, X, are eigenvectors corresponding to distinct eigenvalues, then X, and X, are
orthogonal.

Exercise 5 suggests that the following theorem may be true.

Theorem 2.10. Let A be a linear transformation with symmetric matrix
(a b ) and let 1,1, be distinct eigenvalues of A. Choose nonzero eigenvectors
c

b
X,, X, corresponding to t, and t,, respectively. Then X, and X, are orthogonal.

PrOOF. First assume that b 0. Set X, = ( 1 ), X, = (x2 ) Then

(5 2)(5)=1(5)- s » »

ax, + by, = t,x,
or

by, =(t, — a)x,.
If x, =0, then by, =0, and since b # 0 by assumption, then »1=0, so
. ¢ =(0), contrary to hypothesis. So, x; # 0 and

0
. ﬂ - tl —a
X b -
Similarly, x, # 0 and
Y2 _h-a
X, b

Since y,/x, and y,/ x, are the slopes of X, and X,, to prove that X, and X,
are orthogonal amounts to showing that

()0 (52 (571 o
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Try showing that (5) is true, using the values of ¢,,¢, obtained in the last
theorem, before reading the rest of the proof.
By Proposition 1, in this chapter,

t|=%a+%c+%\/(a—c)2+4b2

and
t2=%a+%c—%\/(a—c)2+4b2 .

So,

t,—a=1i(c—a)—1iy(a—c)+4p
and

t,—a=%(c—a)+%1/(a—c)2+4b2 :
Then

(t, - a)(t,— a)=4(c—ay—1i[(a—¢) +4b%] = - b2,

Hence,

tl_a t2_a __bz_ 1
(5 57 ) =5

as desired. Thus, X, and X, are orthogonal.

Now if b =0, then (Z i)=(g (c)) So t,=a, X,=():)‘) and t,=c,

X, =( }?2) Since ();') and ( )92) are orthogonal, the desired conclusion

holds here as well.

An alternative proof of Theorem 2.10 can be obtained from the following
exercises.

Exercise 6. Let A be the linear transformation which occurs in Theorem 2.10. Let
X,Y be any two vectors. Show that

AX) Y =X-A(Y).

Exercise 7. Let 4 be as in the preceding exercise and let #;,, be distinct eigenval-
ues of 4, and X, X, the corresponding eigenvectors.

(a) Show A(Xl) . X2 = t|(X| . Xz) and A(XZ) . Xl = t2(X| . X2)

(b) Using Exercise 6, deduce from (a) that £,(X, - Xy) = t(X; - Xp).

(c) Using the fact that ¢, # ,, conclude that X, - X, =0. Thus, Theorem 2.10
holds.
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Exercise 8. For each of the following matrices, find all eigenvalues and eigenvec-

tors:

o (l 3)

® (3 3)
oft )

@ (3 4)

© (7 1)

O (Snf ooes )

Exercise 9. Given numbers a, b, c,d, show that the matrices (i z ) and (g Z)

have the same eigenvalues.

Exercise 10. Denote by N a linear transformation such that N2 = 0. Show that 0 is
the only eigenvalue of N.

Exercise 11. Let B be a linear transformation such that B has the eigenvalue 0 and
no other eigenvalue. Show that B2 = 0.

Exercise 12. Let E be a linear transformation such that E2= E. What are the
eigenvalues of E?

Exercise 13. Let C be a linear transformation such that C has eigenvalues 0 and 1.
Show that C? = C.

Exercise 14. Let T be a linear transformation with nonzero eigenvectors X, X, and
corresponding eigenvalues ¢, r,, where #,  t,.
Set S =(T — t,IXT — t,I).
(a) Show that S(X,) = 0.
(b) Show that S = (T — ,IXT — t,1I).
(c) Show that S(X,)=0.
(d) Show that S(c/X, + ¢,X;) = 0, where ¢;, ¢, are given constants.
(e) Show that S=0, i.e.,

(T—tI(T—-1,1)=0.

Exercise 15. Let T be a linear transformation and let (“ 3) be its matrix. Assume
c

T has eigenvalues ¢, ¢, with ¢, 5 t,.
Using part (e) of Exercise 14, show that

T?—(a+d)T+ (ad — bc)l = 0. 6)
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Exercise 16. Let T be a linear transformation and let (‘; z

assume that 7 has any eigenvalues. Show by direct calculation that (6) is still true.

) be its matrix. Do not

Exercise 17. Verify formula (6) when T has matrix
11

@ (1 1)

b) (2 0)’

® (5 3
05

© (5 o)



CHAPTER 2.7
Classification of Conic Sections

We can use matrix multiplication to keep track of the action of a transfor-

mation 4 on a pair of vectors (;' ) and (;2 ) Let m(A) be the matrix of
1 2

;'l ;22) whose columns are (;'}) and ( ;22)

If we set (xf) = A(x') and (xf) = A(x2 ), then, as we shall prove,
b2 Y2

A, and consider the matrix (

Y1 b
X, X X, x5
()< %), 1
()()’1 X DA Z) M)

e 1m0=(3 2} (1 3)-(2 1) mon (3)-C):

-1\ _ —1)
A = .
(3')=(23) »o
436 -G
3 4/\1 0 4 -3/
Direct computation verifies this equation.

To prove (1) in general, we write

(2 )

A(x1)=(ax,+by,) A(x2)=(ax2+by2)
N cx, + dy, Y2 cx, + dy,

Then
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Formula (1) states that
m(A)(x, x2) =(ax,+byl ax2+by2)’
Y1 )2 exy +dyy cxy+ dy,

which is true because of the way we have defined multiplication of
matrices. So formula (1) holds in general.

Now suppose that
x x
A(53) =4l
(}’2 A 2

()-1(5)

or, in other words, that (;'l) and (;2) are eigenvectors of 4. Then (1)
2

m(A)(x' x2)=(t,x, tzxz).
Yt )2 hyy by

The matrix on the right-hand side equals

5 )
n »n)\0 o)

so we have found the following result.

gives

. . . x x
Let the linear transformation 4 have eigenvectors (yl) and (yz)
1 2

corresponding to eigenvalues ¢, ¢,. Then

X, X x, x\[t O
oy DG e
( )()’1 )2 o »nJ\0 4 )
In addition, now suppose that the eigenvectors (;') and (;2) are not
1 2

linearly dependent. 1t follows by (25), Chapter 2.0, that the determinant

X1 %2 45 different from 0, and so, by Theorem 2.4, the matrix (x ! x2)
v )2 V2
possesses an inverse (;' ;2 )_ !. We now multiply both sides of Eq. (2) on

1 )2

N )2

m x; x\[(x x _'= x, %\t 0)(xl xz)_"
) (A)()’l }’2)()’1 }’2) ()’l )’2)(0 LI\Vv )2

We introduce the linear transformations P and D with m(P)=

the right-hand side by ( )- ! This yields

(x 1 X2 ), m(D) = ho0 . The last equation can now be written
N »n 0 n

m(A4)=m(P)m(D)m(P)".
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It follows that A = PDP ~'. We have proved:

Theorem 2.11. Let A be a linear transformation with linearly independent
X2

eigenvectors (;' ) and (y ), corresponding to the eigenvalues t, and t,. Then
1

2
A= PDP"! (3)

0
wherem(P)=(;l ;i)andm(D)=(t0' t).
1 2

Note: Assume ¢, and t, are eigenvalues of 4 and X, X, are correspond-
ing nonzero eigenvectors. If 7, # t,, then it follows that X, and X, are
linearly independent. To see this, suppose the contrary, i.e., suppose X,
= sX, for some scalar s with s # 0. Then

A(X,) = A(sX)) = sA(X,) = st X, .
and so st,X, = A(X,) = ,X, = 1,5X,. It follows that st; = ¢,5, and so ¢,
= t,, which contradicts our assumption. So X, and X, are linearly indepen-
dent, as claimed, as long as ¢, and ¢, are distinct.

Whenever A is a linear transformation whose characteristic polynomial
has distinct real roots, then formula (3) is valid.

Note: Recall that a matrix whose entries are 0 except for those on the

diagonal, i.e., whose form is ( 3 (t))’ is called a diagonal matrix. The matrix

of the transformation D above is a diagonal matrix.
It is easy to compute the powers of a diagonal matrix.

(5= ) =[5 2)
(o 9= 00 2)=(5 2 9= o)

Continuing in this way, we see that the nth power of the diagonal matrix
. . . n . .

((s) (t)) is the diagonal matrix (50 tq') whose entries on the diagonal are

the nth powers of the original entries.

Exercise 1. For each of the following matrices, find the nth power of the matrix
when n = 2,3,7,100.

Q) (‘0‘ ?)
(ii) (g 1%)

@ (5 9)
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Now let 4 and D be the linear transformations which occur in Theorem
2.11. By (3), 4 = PDP . Hence,

A*=(PDP 'Y (PDP~'y= PD(P~'P)DP~'= PDIDP !
= PDDP~'=PD?P"},
A= AA*>= (PDP~')Y(PD?P~")= PD(P~'P)D?*P !
= PDID*P~'= PD’P~".
Continuing in this way, we find that
A*=PDP-\,  45=pPDP"!
and in general,
A" = PD"P~ !, 4
where n is a positive integer. It follows that

m(A")=m(PD"P~") = m(P)m(D" ym(P ") = m(P)(m(D))'m(P~").

. 0 r
Since m(D) =(t' ), we know that (m(D))" =(t(') t(i) So we have
2

0 1

i o

(m(A))"=m(A")=m(P)(’(; ,;)ma'")- )

Note: Formula (5) allows us to calculate the nth power of m(4) in a
practical way, as the following example and exercises illustrate.

ExaMPLE 2. Let us find the nth power of the matrix (3 4 ) for

4 -3
n=123....
In Example 4, Chapter 2.6, we found that the eigenvalues are ¢, = 5,
t, = —5. As corresponding eigenvectors, we can take

5 (3) i e (5)

The transformation P of Theorem 2.11 then has matrix m(P) = (2 _2] )

1
Then

m(p = (me)™=( 2055 2)

(431 -43)"=G _21)(5(; (—05)")(—265 ;g)

By (5),
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For instance, taking n = 3, we get
3 4\ (2 —-1\(125 © )( 2/5 1/5)
(4 -3) \1 2)\lo -—-125/\-1/5 2/5

(2 —1\(50 25 =(75 100)
“\1 2 J\25 =50 100 —75)

Exercise 2. Let A be the linear transformation whose matrix is (; _3 1 ) Find a

linear transformation D with diagonal matrix and find a linear transformation P,
using Theorem 2.11 such that 4 = PDP ~".

Exercise 3. Let 4 be as in the preceding exercise. Calculate the matrix m(4'%)
=(l 3 )IO

3 -1/ °
Exercise 4. Using Theorem 2.11, calculate ( : 1)8.

Exercise 5. Using Theorem 2.11, calculate (3 0)6.

4 2

Exercise 6. Fix scalars a,b. Show that if » is an even integer, then (Z —ba )n is a

diagonal matrix.

The second application of eigenvalues which we shall discuss in this
chapter concerns quadratic forms. Let a,b,c be given scalars. For every
pair of numbers x, y, we define

H(x, y) = ax*+ 2bxy + cy*.

H is called a quadratic form, i.e., a polynomial in x and y, each of whose
terms is of the second degree.
Associated with H, we consider the curve whose equation is

ax? + 2bxy + ¢y? = 1. (6)
We denote this curve by Cy,.

EXAMPLE 3.

@a=1b

=0, ¢ = 1. Then Cy is the circle: x> + y>= 1.
() a=1,b=0,c

, ¢ = — 1. Then C,, is the hyperbola: x> — y? = 1.
Question. Given numbers a, b, ¢, how can we decide what kind of curve Cy is?

Let us introduce new coordinate axes, to be called the u-axis and the
v-axis, by rotating the x- and y-axes about the origin (see Fig. 2.49).
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Figure 2.49

Expressed in terms of the new u and v coordinates, the equation of C,, may
look more familiar. This will happen if Cy has an axis of symmetry and we
manage to choose the u-axis along that axis of symmetry.

EXAMPLE 4. a = 0, 2b = 3, ¢ = 0. Cy,; has the equation: 3xy =1 or xy = 1.
Evidently the line x = y is an axis of symmetry of Cy. Let us choose the
u-axis along this line. Then the v-axis falls on the line x = —y.

X

Y
Denote by « the polar angle of X in the (4, v)-system. Then the polar angle

of X in the (x, y)-system is a + n/4 (see Fig. 2.50). Hence,

x| X| cos(a + 7/4) ~ X (cosa)\/f/Z - (sina)\/f/2
y sin(a + 7/4) (sina)y2 /2 + (cosa)y2 /2

Suppose a point X has old coordinates ( ) and new coordinates (z)

V2 |X|cosa — |X]sina
-2

|X|sina + |X|cosa

Also,

(o) =M( 5 )

u = |X|cosa,

SO

v = |X|sina.
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AN
N\
N
N\
AN
\
AN
\
N\
AN
Figure 2.50
Thus,
X _\/5 u—o
(y)'T(Hv)’
x=£u—£v,
s
2 2
y—Tu+—2— .

Now suppose X is a point on Cy,. Then 3xy = 1. Hence,

3(%u— gv)(fzz—-u+ —‘/22:o)= 1,
or
3(%_2—)2@— v)(u+v)=1,
or

3- 1P -0)=1
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We have found: if X is a point on C, with new coordinates ( ) then

2

W -3 =1, (8)

Njw
Nl

Equation (8) is an equation for C, in the (u, v)-system. We recognize (8)
as describing a hyperbola with one axis along the u-axis.

Now let a,b,c be given numbers with b7 0 and let H(x, y) = ax*+
2bxy + cy*. We can express H(x, y) as the dot product

ax + by x\_ _
(bx + cy) (y) = (ax + by)x + (bx + cy)y = H(x, y).
Also,
(ax + by) _f[a b)(x
bx + cy b c)\y)
Thus,
=((a b\(*\\.(*
H(x7) ((b c)(y)) (5) ®)
Now, (Z 2 ) is a symmetric matrix, so Proposition 1, Chapter 2.6, tells

us that ( Z b ) has eigenvalues ¢,,¢,. Since b # 0, ¢, # t,. Let X, be an
c

eigenvector corresponding to ¢, such that |X,| = 1.

We choose new coordinate axes as follows: The u-axis passes through X|,
directed so that X, points in the positive direction. The v-axis is chosen
orthogonal to the u-axis and oriented so that the positive u-direction goes
over into the positive v-direction by a counterclockwise rotation of /2
radians.

Set X, = ( ;' ) and set X, =( _x}’ ! ) Then X, lies on the v-axis. We know
1 1
that each eigenvector corresponding to ¢, is orthogonal to X, and, hence,

lies on the v-axis. Hence, every vector lying on the v-axis is an eigenvector
corresponding to t,. In particular, X, is such an eigenvector (see Fig. 2.51).

Let X be any point, with (;) its old coordinates and (g) its new
coordinates. Then
X =uX, + vX,.
Then

u=x’xl=(§;)'(;:)=x"|+}’)’l’

D=X‘X2=(;)'(—x}|}l)=_x.yl+.yx|'

(10)
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X,

Figure 2.51

Using (9), we have

H(x,y)= (Z lc’)(X) X = [(Z IZ)(uX, + sz)} [4X, + vX,]

= (u,X, + v1,X,) - (uX; + vX,)
=ult + v%,.

Thus, we have found:

Theorem 2.12. Let t,,t, be the eigenvalues of the matrix (‘; b), where
c

b #0. Let X be any point, and let (;) be its old coordinates and (g) be its

new coordinates. Then

ax® + 2bxy + cy? = t,u* + 1,02 (11)

Now let X be a point on the curve C,; whose equation is ax? + 2bxy +
cy?=1. Let (;) and (z) be, respectively, the old coordinates and the new
coordinates of X. Then using (11), we get

hu* + o = ax? + 2bxy + cy* = 1,
x

since ( Y

) lies on Cy. So
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Equation (12) is valid for every point on C, and only for such points.
This means that (12) is an equation for Cy; in the (u,v)-system.

EXAMPLE 5. Describe and sketch the curve Cp;: 3x* + 8xy — 3y? = 1. Here

a=3,b=4,c= —3. The matrix (a b)=(3 4 ) The eigenvalues are
b ¢ 4 -3

(3 5)0)=+(0)

'I) of length 1, we set X, =

ty,=5and t,= —5.

Since we need an eigenvector X, =(

(1/5)(2) = [?;g] So

x
Y

2 1
X\==, y=—.
1 i | 5
We choose the u-axis to pass through X, so it is the line y = 2x, and the
v-axis is the line y = — 1 x. In the new system, the equation of Cy is
5u? — 502 =1, (13)

where we have used (12) with ¢, =5, t, = —5.
We can check Eq. (13) by using the relations between u,v and x, y. By
(10) we know
2 1
u=xx+yy=-—x+-—y,
1 1 5 5
= — 1 2

v=—yx+xy=——x+-—2—y.

505

Hence,

2 AN 1 2\
5u2—502=5(—x+——-y) —5(— ——x+—y)
B5 55

=5 4@x 4 =S 4 (=X + Y

=4x2+4xy+y2—x2+4xy—-4y2

=3x2+8xy — 3y
Thus, for every point X in the plane, if (;) are the old and (g) are the new
coordinates of X, then we have

5u% — 502 =3x2 + 8xpy — 3y°. (14)

By definition of Cy;, X lies on Cy, if and only if 3x2+8xy —3y?=1andso
if and only if 5u? — 5v% = 1. So (13) is verified.
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/ru
(%) -

Figure 2.52

From Eq. (13), we find that C}, is a hyperbola with its axes of symmetry
along the u- and v-axes (see Fig. 2.52).
Now let H(x, y) = ax® + 2bxy + cy? be a given quadratic form. Assume

b #0. Let t,,¢, denote the eigenvalues of the matrix (Z b). We have:
c

Theorem 2.13. Let Cy denote the curve ax* + 2bxy + cy? = 1.
() If t,,1, are both > 0, then Cy, is an ellipse.
(ii) If t;,t, <O, then C, is empty.
(i) If 1,,1, have opposite signs, then C, is a hyperbola.
Exercise 7. Using the fact that in the (u, v)-system, Cy has equation
t1u2 + t202 = 1,
prove Theorem 2.13.

ExXAMPLE 6. Describe the curve C,,,

x242xp +yr=1. (15)
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Here (Z ? ) =( } i) and ¢,,, are the roots of the polynomial

1 —1¢ 1 2
=t"—2t.
Cl

So t; =0, t, =2. In the (u,v)-system, C,; has the equation
0u*+20*=1 or v’=1.

This equation describes a locus consisting of two parallel straight lines

v=1/y2 and v = 1/V2 . Thus, here Cy consists of two straight lines. We
can also see this directly by writing (15) in the form

(x+y)?*=1 or (x+y)?’—1=0
or, equivalently, ((x + y) + I)((x + y) — 1) = 0. So C}, consists of the two
linesx+y+1=0andx+y—-1=0.
Thus, in addition to the possibilities of an ellipse, hyperbola, and empty
locus, noted in Theorem 2.13, C,, may consist of two lines.
Exercise 8. Classify and sketch the curve 2xy — y? = 1.
Exercise 9. Classify and sketch the curve 4x? +2y2 xy + 32 = 1.

Exercise 10. Classify and sketch the curve x? — 2xy + p2 = 1.

The quadratic form H(x, y) = ax* + 2bxy + ¢y* is called positive definite
if H(x, y) >0 whenever (x, y) # (0,0). For instance, H(x, y) = 2x* + 3)?
is positive definite and H(x, y) = x*> — y* is not positive definite.

Exercise 11. Give conditions on the coefficients a,b,c in order that H(x, y) is
positive definite. Hint: Make use of formula (11).

Next, instead of the curve Cy with the equation,

H(x,y)=1,
we consider the locus defined by the equation,
H(x,y)=0 or ax?+ 2bxy+cy*>=0. (16)

This locus is not always a curve in the ordinary sense of the word; for
instance, with a =c =1, b =0, we get the equation x? + y*> =0, which
defines a single point, the origin. If a = b = ¢ =0, then the locus is the
entire plane.

If a = 0, equation (16) becomes

2bxy +cy*=0 or y(2bx +c¢)=0. a7

Exercise 12. Describe the locus defined by equation (17).

If a # 0, the only point (x, y) that satisfies equation (16), with y = 0,' is
the origin. Let us consider a point (x, y) on the locus defined by (16) with
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2
H(x,y)=y? l:a <%> + 2b<§> + c]

We may write H(x, y) = y>P <5), where P(t) = at® + 2bt + c. If b? —
y

y # 0. Then,

ac < 0, then P has no real roots, so P(;) # 0 and H(x, y) # 0. Hence, in
this case, the locus consists of the origin.

If b2 —ac > ¢, the P has real roots t;, t,, and we can write for all ¢
P(t) = a(t — t,)(t — t,). Therefore,

sl

H(x, y) = a(x — t; y)(x — t,).

So (x, y) belongs to the locus if and only if x —t,y =0 or x —t,y = 0.
Thus, the locus consists of the two lines with equations: x — ¢,y = 0 and
x —t,y=0. If t; =t,, the two lines coincide. To sum up, we have the
locus defined by the equation ax® + 2bxy + cy* = 0 is either a single point,
(the origin), a pair of straight lines meeting at the origin, a single line
passing through the origin, or the entire plane.

Exercise 13. Classify and sketch the following loci:

(@) x2 —3y? =0,

(b) xy + y> =0,

(©) x4+ 2xy + y* =0,
@ x2+xy+y*=0.

Note: A student who has arrived at this point in the book and who is familiar
with elementary calculus is now ready to learn one of the applications of linear
algebra given in Chapter 8, namely, the study of systems of differential equations
in two dimensions.



CHAPTER 3.0
Vector Geometry in 3-Space

Just as in the plane, we may use vectors to express the analytic geometry of
3-dimensional space.
X
We define a vector in 3-space as a triplet of numbers |x,| written in
X3
column form, with x|, x,, and x, as the first, second, and third coordinates.

X)
X, .
X3

We can picture the vector X as an arrow or directed segment, starting at the
Xy

origin and ending at the point |, |. We denote by R® the set of all vectors
X3

in 3-space, and we denote by R? the set of all vectors in the plane.

Xy
xz] and

We designate this vector by a single capital letter X, i.e., we write X =

We add two vectors by adding their components, so if X =
U
uz], then

X3

U=
U

X+ u
X, + u,
X3+ Uy

X+U=

We multiply a vector by a scalar ¢ by multiplying each of the coordinates

by ¢, so
X, cx,
cX=cl|X|=|cxy]|.
X5 cx,y
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(1 0 0
WesetE, =|0|, E, = 1], and E; = 0}, and we call these the basis vectors
0 0 1

of 3-space. The first coordinate axis is then obtained by taking all multiples

1] Xy
xE, =x|[0 =[0 ,

0) (o0
defined similarly. Any vector X may be expressed uniquely as a sum of

vectors on the three coordinate axes:

of E,, and the second and third coordinate axes are

X, b 0 0
X3 0 0 X5

Geometrically, we may think of X as a diagonal segment in a rectangular
prism with edges parallel to the coordinate axes (see Fig. 3.1).

Xy U
Let X= xz} and U= |u,| be two vectors. What is the geometric
X3 us

description of the vector X + U? (see Fig. 3.2). By analogy with the
situation in Section 2.0, we expect to obtain X + U by moving the segment
U parallel to itself so that its starting point lands at X, and then taking its
endpoint. To see that this expectation is correct, we can reason as follows:
If we move the segment U first in the x-direction by x, units, then in the

J

Figure 3.1
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X+U

U
X1
X ( x,) +U
0
X3
(3)
0

Xy

0

0
Figure 3.2

y-direction by x, units, and finally in the z-direction by x; units, it will at
all times remain parallel to its original position and in its final position it
will start at X. If we move the segment U by x, units in the x-direction, its
u + x,
U
Uy
u + x,
U, + x,
Uz + x5

new endpoint is . Taking the corresponding steps in the y- and

z-directions, we get = U + X for the final position of the end-

point.

By the difference of two vectors X and U, we mean the vector X + (—U),
which we add to U to get X (see Fig. 3.3). We may think of X + (—U) as
the vector from the origin which is parallel to the segment from the
endpoint of U to the endpoint of X and has the same length and direction.
We often write X — U for the sum X + (—U).

As in the case of the plane, we can establish the following properties of
vector addition and scalar multiplication in 3-space: For all vectors X, U,
A, and all scalars r, s, we have

) X+U=U+X;
) X+U)+A=X+(U+A);
(iii) there is a vector 0 such that X + 0 = X =0+ X for all X;
(iv) For any X there is a vector —X such that X+ (-X)=0;
V) rX+U)=rX+rU;
vi) (r + 5)X) = rX + sX;
(vii) r(sX) = (rs)X;
(viii) 1-X =X for each X.
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Figure 3.3

Each of these properties can be established by referring to the co-
ordinatewise definitions of addition and scalar multiplication.
If A and B are vectors in R and s and ¢ are scalars, the expression

sA + /B
is called a linear combination of A and B.

As in two dimensions, the vectors A and B in R® are said to be linearly
dependent if one is a scalar multiple of the other. A collection of three
vectors, A, B, C is said to be linearly dependent if one of the vectors is a
linear combination of the other two vectors.

2 -1 5
ExampLE 1. If A=|1(,B=]| 0 ], and C = |2 (, then the triplet A, B, C is
3 -2 8
linearly dependent because
C=2A+(-1)B.

If a collection of vectors is not linearly dependent, it is said to be linearly
independent.

1] [0 0
ExampLE 2. The vectors [0], l] ], and [0] are linearly independent since it
0) (0 1

o _ 0 1 0 0 0
is impossible to write || as s|0| +¢|1|, and, similarly, for | 1| and |g|.
1 0 0 0 1
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Exercise 1. Prove that the set of three vectors A, B, C is linearly dependent if and
only if it is possible to find scalars r, s, t not all zero, such that

rA+sB+1C=0.

Show that under these conditions we can write one of the vectors as a linear
combination of the other two and show the converse.

An extremely useful notion which helps to express many of the ideas of
the geometry of 3-space is the dot product. We define

Xy
Xy |-
X3

The dot product of two vectors is a scalar, e.g.,

U
Uy | = XUy + XUy + xj3u;y.
Uy

X U=

2] (2
1][ 4 |=2-2+1-4+3-(—6)=—IO.

3) 1-6
1] [0 1] (1
We have E;-E,=|0|-|1|=0 and E,-E,={0|-|0|=1. Similarly,
0) (0 0) (0

E,-E;=0=E;-E,, whileE,-E,=1=E;E,.

As in the plane, the dot product behaves somewhat like the ordinary
product of numbers. We have the distributive property (X + Y) U=
XU+ YU and the commutative property X - U = U - X. Moreover, for
scalar multiplication, we have (¢X) - U = ¢(X - U). To prove this last state-
ment, note that

tx, u,
(1X) - U= [tx, | - |uy | = (tx))uy + (8x3)uy + (x3)u,

= t(xu, + xXpuy + x3u3) = (X - U).

The other properties also have straightforward proofs in terms of coordi-

nates.
By the Pythagorean Theorem in 3-space, the distance from a point

Xy
X = |x, | to the origin is \/x,z + x? + x}, and we define this number to be
X3

=y169 = 13,

the length of the vector X, written |X|. For example,

i

x| %
X, |+ |%;| = x}+ x2+ x}, and so this is the square
X3} (X3

of the length |X| of the vector X. Note that for any scalar ¢, we have

while |E,| = 1 for each i and |0| = 0.

In general, X-X =
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|cX| =VeX - eX =X -X = |c[yX-X = c||X|, where |c| =c? is the ab-
solute value of the scalar c. We have |X| > 0 with |X| =0 if and only if
X=0.

In terms of the notion of dot product, we shall now treat seven basic
geometric problems:

(i) To decide when two given vectors X and U are perpendicular.
(ii) To calculate the angle between two vectors.
(iii) To find the projection of a given vector on a given line through the
origin.
(iv) To find the projection of a given vector on a given plane through the
origin.
(v) To compute the distance from a given point to a given plane through
the origin.
(vi) To compute the distance from a given point to a given line through
the origin.
(vii) To compute the area of the parallelogram formed by two vectors in
3-space.

(i) As in the case of the plane, we may use the law of cosines to give an
interpretation of the dot product in terms of the lengths |X| and |U| of the
vectors X and U and the angle § between them. The law of cosines states

IX — U = [X]* + |UP? - 2|X||U| cos¥.
But
X-UP=(X-U)-(X-U)=X-X-2X-U+U-U
=X+ |UP-2X-U.
Thus
X-U=[X||U|cosb.

The vectors X and U will be perpendicular if and only if cosd = 0, so if
and only if X-U=0.
(i) If X and U are not perpendicular, we may use the dot product to

1
2
1

compute the cosine of the angle between X and U. For example, if X =

-1
1 } then X-U=)(-D+ @)D+ M3B)=4, |X|=16,
3

|U| = V1T, so cosf = 4/V6 /11 .

(iif) The projection P(X) of a given vector X to the line of multiples of a
given vector U is the vector U such that X — (U is perpendicular to U (see
Fig. 3.4). This condition enables us to compute ¢ since 0= (X — fU)-U
=X-U-(U)-U=X-U-1(U-U),s0 t=X-U/U-U and we have a

and U=
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P P(X) = tU
~
e
Figure 3.4
formula for the projection:
(XU
PX) = (g U (1)

Note that this is the same as the formula we obtained in the 2-
dimensional case.
Note also that

XU .

P(X)-U=((W)U)-U=(%%)(U-U)=X-U. @)

u,

U

U3

(iv) Fix a nonzero vector U = and denote by II the plane through

bg
Y2
V3

the origin which is orthogonal to U. Since Y = lies in IT if and only if

Y - U =0, an equation of II is
uyy+ Uy )yt uzy3=0. 3)

Let X be a vector. We denote by Q(X) the projection of X on 11, i.e., the
foot of the perpendicular dropped from X to II. Then the segment joining
X and Q(X) is parallel to U, so for some scalar ¢,

X - Q(X) = (U.

Then X — fU = Q(X). Since @(X) is in II, X — (U is perpendicular to U.
Then, by the discussion of (iii), X — Q(X) = P(X) or

0(X) =X - P(X).
(v) The distance from the point X to the plane through the origin
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perpendicular to U is precisely the length of the projection vector P(X), i.e.,
XUl

-

It follows that the distance d from the point X to the plane through the
origin perpendicular to U with the equation x,u, + x,u, + x;u; = 0 is given
by

_[ XUy =
Pl =|gg U

- |x g1y + XUy + X3u

\/ulz + u% + u§

(vi) The distance from the point X to the line along U with U 5 0 is the
length of the difference vector |[X — P(X)|. Since X — P(X) is perpendicular
to P(X), we get [X|* = |PX)]> + |X — P(X)]?, so

X - PX)P = X]* - [P(X)?

4

and hence
X - UP

X-PX)P=X-X~
| X) P

3

(see Fig. 3.5) and so the distance is given by

XX X U’ \/(X-X)(U~U)—(X-U)2
TO " 0] S

' (vii) Let A, B be two vectors and let IT denote the parallelogram with two
sides along A and B (see Fig. 3.6). The area of II is the product of the base

9

IX-P(X)/

Figure 3.5
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J

/4&:7/////////////////////////

/

i

Figure 3.6

|B|, and the altitude on that base which is the distance from A to B. By (5),

this distance = (1/|B|)\/(A -A)(B-B)— (A-B)’,s0

areall =1/(A - A)(B-B) — (A-B)? . (6)

§1. The Cross Product and Systems of Equations

Consider a system of two equations in three unknowns:

alxl + a2x2 + a3X3 = 0,

7
blxl + bzXz + b3X3 = 0. ( )
a, b, X
We set A = |a, | and B = | b, [. A solution vector X = xz] for (7) satisfies
a3 b3 X3

A-X=0, B:-X=0.
We may find such an X by multiplying the first equation by b, and the
second by a, and subtracting
abx, + ab\x, + asb;x; =0,
abx, + a;byx, + a\b3x; =0,
(ayb) — a;by)x, + (ash, — ab3)x;=0. (8a)
Similarly, we may multiply the first equation by b, and the second by a,
and subtract to get
(aby = azb )X + (azhy — azby)x; = 0. (8b)
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Figure 3.7

We can obtain a solution to the system (8a), (8b) by choosing
X, = (azb3 - a3b2), Xy = (a3bl - a|b3), X3 = (a|b2 - azbl). (9)
Note that if we think of the subscripts 1, 2, 3 on a wheel, with 1 followed
by 2, followed by 3, and three followed by 1 (see Fig. 3.7), then in (9), x, is
obtained from x,, and x, is obtained from x, by following this succession

of subscripts of a;, b,. We define the cross product A X B of A and B to be
the vector

a2b3 - a3b2
albz - azbl

The vector X = A X B indeed satisfies the conditions
A-X=0, B-X=0,
which we set out to satisfy, and this is so since in the expression
A -X = a|(a,b; — asby) + ay(asb, — a,b;) + ay(a,b, — ayb))
all terms cancel, leaving 0. The same happens for B - X.

We shall see that the cross product is very useful in solving geometric
problems in 3 dimensions.

We may easily verify that the cross product has the following properties:
(i) AX A =0, for every vector A.
(ii)) BX A= —A X B, for all A, B.
(i) AX(B+C)=AXB+AXC,forall A, B, C.
(@iv) (tA) X B =t(A X B) if ¢ is a scalar.
Exercise 2. Show that E, X E, =E;, E;, XE;=E, and E, X E; = —E,.
Exercise 3. Show that AX B = —B X A.
Exercise 4. Show that A X (B+ C)=(A X B) + (A X C).
Exercise 5. Show that tA X B = (A X B).

Exercise 6. Show that A-(BXC)=B-(CXA)=C:(A XB).
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We now prove some propositions about the cross product.

(v). If A and B are linearly dependent, then A X B = 0.

Proor. If B =0, then A X B = 0 automatically. If B # 0 and A = (B, then
AXB=(B)XB=tBXB)=0.

(vi). Conversely, if A X B =0, then A and B are linearly dependent.

PrOOF. If A X B = 0, then either B = 0 or at least one of the components of
B is nonzero. Assume b, # 0. Then a;b, — a,b; =0, so a, = (a;/b;)b, and
—asb, + a\b; =0, so0 a, = (a;/b,)b,. It follows that

a, (03/b3)b| b,
A= |ay| = |(a3/b3)by| = (a;/b3)|b,| = (a3/b;)B.
a; (a3/b3)bs by

Therefore, A is a scalar multiple of B, so A and B are linearly dependent.
We reason similarly if b, # 0 or b, # 0.

Exercise 7. If A, B, C are linearly dependent, show that A-(BX C)=B:(C X A)
=C-(AXB)=0.

(vii). Let II denote the parallelogram in R® with sides along A and B, where
B # 0 (see Fig. 3.8). Then

areall = |A X B|. (1

Proor. We have already found formula (6) for the area II:

areall = \/(A -A)(B-B)— (A-B)’ .

Figure 3.8
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In coordinates, this gives
(areaIl)’= (a} + a} + a3)(b} + b3 + b3) ~ (a\b, + ab, + asb;)’
= a2b? + a?b} + alb} — (a\b,)*— 2a,b,ab,
+a2b? + a2bl + alb} — (a,h,)’ — 2a,b\asb,
+a2b? + alb3 + alb3 — (asbs)’— 2a,b,a3b,
= (@1by — ab)) + (ash, — a\by)'+ (arb; = ashy)’
= |A X B2
This establishes formula (11).

Observe that if A and B are linearly dependent, then the parallelogram II
will be contained in a line so its area will be 0, agreeing with the fact that
A X B =0 in this case.

Let us now summarize what we have found.

If A and B are not linearly dependent, then we may describe the vector
A X B by saying that it is perpendicular to A and B and it has length equal
to the area of the parallelogram determined by A and B. Note that this
description applies equally well to two vectors, A X B and —(A X B) lying
on opposite sides of the plane containing A and B.

In Chapter 3.5 we will go more deeply into the significance of the sign of
A X B.

Next, we shall give a generalization of the Pythagorean Theorem. If we

a, b,
project A and B into the x,x, plane, we get the vectors [02] and |p, |. Note
0 0
that the area of the parallelogram II,, determined by these two vectors is
given by

a, b, 0
G| X \b, || = 0 = |a\b, — ayb)|.
0 0 a\b; — ayb,
Similarly, the area of the parallelogram II,; determined by the projections

0 0)
[az] and [b,| of A and B to the x,x; plane is given by area (II,;) =
as b,y
|asb, — a,b;|, and finally areaIl,y = |a;b, — a,b,| (see Fig. 3.9).

Formula (vii) thus yields the following striking result which is a general-
ization of the Pythagorean Theorem:

(viiiy  (areaIl)’= (areaIl,,)’+ (areaIl,;)’ + (areall,;)%.

This is the analogue of the theorem that the square of the length of a
vector is the sum of the squares of its projections to the three coordinate



110 Linear Algebra Through Geometry

\
S

Figure 3.9

axes (see Fig. 3.10):

(ix) Given three vectors A, B, C in 3-space, we shall next obtain a
formula for the volume of the parallelepiped determined by these three
vectors.

If A and B are linearly independent, then the distance from the vector C
to the plane determined by A and B equals the length of the projection of C
to the line along A X B, since the vector A X B is orthogonal to that plane.

A

X1
X, x = X2
X3

X,

Figure 3.10
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So the distance is given by

|C- (A X B)| (12)
[AXB|

(x) It follows that the volume of the parallelepiped II with sides along A,
B, and C is given by the area of the base |A X B| multiplied by the height
|C- (A XB)|/|AXB| ie,

volumeIT = |C - (A X B)|. (13)

If A, B, and C are linearly dependent, then the parallelepiped is con-
tained in a plane so its volume will be zero, which agrees with the fact that
C- (A X B) =0 in such a case, as we saw in Exercise 7.

We shall next see how the cross product helps us to study systems of
linear equations.

We consider a system of three equations in the three unknowns x,, x,,
X3!

a;x; + ayx, + azx; =0,

b,x, + byx, + byx; =0, (14)
€% + %5+ ¢3x3=0.
a b, ¢ X1
We set A =|a, |, B={b,|, C=|c,|. The solutions X = | X, | of the system
as b, C3 X3

(14) are the vectors X such that X is perpendicular to the three vectors A, B,
C. We shall show the following:

(xi). There exists a nonzero solution vector X of (14) if and only if
C-(AxB)=0.

PROOF. Assume that C- (A X B)=0. If A and B are linearly dependent,
there is some plane IT through the origin which contains A, B, and C. We
choose a nonzero vector X perpendicular to II. Then X-A =0, X-B=0,
X-C=0, so X is a solution of (14).

If A and B are lincarly independent, then A X B # 0. By assumption,
(AXB)-C=0. Also (AXB):-A=0and (AXB)-B=0. So AXB is a
nonzero solution of (14).

Conversely, assume that C-(A X B)s0. Then A and B are linearly
independent, since otherwise A X B =0 and so C - (A X B) =0, contrary to
assumption. Let II be the plane through the origin containing A and B.
Then A X B is perpendicular to II, and every vector perpendicular to II
is a scalar multiple of A X B. If X is a solution of (14), it follows that X =
t(A X B) for some scalar ¢. Since X-C=0, ({(AXB))- C=1((AXB)-C)
=0, and so r = 0. Hence, X = 0 as claimed.

The following is a fundamental property of the geometry of R’.
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Proposition 1. If A, B, C are three linearly independent vectors in R®, then

every vector Y in R® can be uniquely expressed as a linear combination of A,
B, and C.

Proor. Since C is not a linear combination of A and B, the line {Y — ¢tC| ¢
real} which goes through Y and is parallel to C will not be parallel to the
plane determined by A and B. Thus, for some ¢, Y — ¢C lies in that plane
and so

Y-tC=rA+sB

for suitable scalars r, s. Therefore,

Y=rA+sB+:C (15)
Expression (15) is unique, for if
Y=rA+sB+1C,
then rA + sB+ tC=r'A+ sB+ t'C, so
(r=r)A+(s—s)B+(—-1)C=0.

Since A, B, C are linearly independent, it follows thatr — ' =0, s — 5" =0,
t — ' = 0. So the expression (15) is unique, as claimed.

The vectors of length 1 are called unit vectors, and their endpoints form
the unit sphere in 3-space.

cos¢pcosd
Exercise 8. Show that for any choice of angles 8, ¢, the vector [cos¢ sin 0] is a unit
sin ¢
vector. Conversely, show that if 1 = u} + u3 + u3 and if u; > 0, then it is possible to

U
find an angle ¢ between — /2 and 7 /2 so that u; = sin ¢. The vector (“z) then
0

has length \u? + u3 = \/T —u} =y1- sin2¢_ = coS ¢, SO we may Write

u; = cos pcosb, u, = cos¢sinf

u cos¢cosd

for some 8 between 0 and 27. Hence (u2 =|cos¢sind |-
u3 sin ¢

It follows that any nonzero vector X in R? may be written:
cos ¢ cosd
X = |X|| cos¢sinb |
sin¢

for some choice of angles ¢, 8.



CHAPTER 3.1
Transformations of 3-Space

As in the planar case, we define a transformation of 3-space to be a rule T
which assigns to every vector X of 3-space some vector T(X) of 3-space.
The vector T(X) is called the image of X under T, and the collection of all
vectors which are images of vectors under the transformation T is called the
range of T. We denote transformations by capital letters, such as 4, B, R,
S, T, etc.

ExAMPLE 1. Let P denote the transformation which assigns to each vector
X, 1
x,| the projection to the line along U=]1
X3 L1
Chapter 3.0, we have

X= . By formula (1) of

(1 1 1
1 §x1 +§x2+5x3

[

. + x, +
p(x)=(ﬂ_)u=("'__u) Ix,+4x, + 1x, .

U-u 3

1 1 1
1 k3"1"’3"2"’3’53

ExAMPLE 2. Let S denote the transformation which assigns to each vector X
1
1|. As in the planar case,
1
S(X) is defined by the condition that the midpoint of the segment between
X and S(X) is the projection of X to the line along U. Thus

S(X)=2P(X) - X

the reflection of X through the line along U =
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or

1 1 1 1 2 2
Xy 3X1H 33X+ 3 X X+ 3x 53

—_ 1 1 1 —
Sixy|=2|3x,+4x,+5x, X,

2y 1 2

3% 3%+ 35X,
1 1 1 2 2 —_—

X, Ix)+ix,+4x; X5 ix +3x,—4x;

Exercise 1. In each of the following problems, let P denote projection to the line

- x‘
along U. Find a formula for the coordinates of the image P( xz).
X3

1

(a) U= 0) (so we have projection to the first coordinate axis);

0

1
(b) U= l);

0

1

©U=| 1 );

-1

1
dU= 0).

3

Exercise 2. For each of the vectors in the preceding exercise, find a formula for the

Xy Xy
reflection S( xz) of the vector (xz) through the line along U.
X3 X2

ExAMPLE 3. Let O denote projection to the x,x;-plane and let P denote
projection to the x,-axis. Then

X, 0 X, X,
Q|x|=|x and P |x;|= 0.
X3 X3 X3 0

Note that O(X) + P(X) = X for each X.

ExaMpLE 4. Let Q denote projection to the plane through 0 perpendicular
1 1
to U= |1 and let P denote projection to the line along U = |1
1 1
in Example 3, we have Q(X) + P(X) =X, so by the formula in Example 1,
we have

. Then, as

1 2 -1 -1
Xy Xy 1xp+3x,+ 5% 3X) — 3%~ 3X3
1 1 = — 1 2 —1
Olx,|= x| = |3+ ixtix|=| 30 +t35% 3%

1 — L1y —1 2
X3 X, ix +4x,+3x; 1, — 3% +35x%
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Exercise 3. For each of the vectors U of Exercise 1, let Q denote projection to the
X1
plane perpendicular to U. Find the formula for Q(xz) in terms of the coordinates

X3

X
of X=| x5 |

X3
EXAMPLE 5. Let II denote the plane through the origin perpendicular to
1
11. Let R denote reflection through the plane II. For any vector X,
1
the midpoint of the segment joining X to R(X) is the projection Q(X) of X
to the plane II. Therefore,

U=

R(X)=20Q(X)-X

where Q is the projection in Example 4. Therefore,

2y 1y _ 1 1y — 2y —2
X 3% —3X27 3% Xy 3X1 T 3X2 T 3X3
=9l _1 25 — 1y | = =|-2 1y —2
Rixy|=2{—3x+5x— 3% X, $X)+ 3%~ 5%3
—1 -1 2 — 2y —2 1
X3 33X — 3%t 5Xx3 X3 $Xp— 5%t 33

Exercise 4. For each of the vectors U in Exercise 1, let R denote reflection through

X
the plane through the origin perpendicular to U. Find the formula for R(xz) in
X3

Xy
terms of the coordinates of X = (xz).
X3

EXAMPLE 6. Let D, denote the transformation which sends any vector into ¢
times itself, where ¢ is some fixed scalar number. Then

D,(X) = X,
SO
X X tx,
D’ X2 =t X2 = txz .
X3 X3 tX3

As in the planar case, we call D, the stretching by t.

If t =0, then Dy(X) =0-X =0 for all X so D, is the zero transformation,
denoted by 0. If r = 1, then D|(X) = 1 - X = X for all X, so D, is the identity
transformation denoted by I.

ExampLE 7. For a fixed scalar # with 0 < # < 27, we define a rotation R,
of @ radians about the x,;-axis. This rotation leaves the x, component fixed
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and rotates in the x,x;-plane according to the rule for rotating in 2-
dimensional space, i.e.,
X, X,
R, | X2| = |(cos8)x, — (sinf)x; |.
X5 (sinf@)x, + (cosf )x;

For example,

X Xy X
Rip|%2| ==Xl =Ry X%
X3 X, X3
and
X, X, X,
RL p|¥2|=| X3 [= R plX2|
X3 X3 X3

Xy
Exercise 5. In terms of the coordinates of X = (xz), calculate the images of
X3

(a) R)(X),
(b) R}/4(X), and
© R,/ X).

ExaMPLE 8. In a similar way, we may define rotations R} and R; by 8
radians about the x,-axis and the x;-axis. We have the formulas

bx, (cosf)x, + (sinf)x,
R02 x2 = x2
X3 (—sin@)x, + (cosf)x,

and
X (cosf)x, — (sinf)x,
R} |x,|= |(sin@)x, + (cosf)x, |-
X3 X3

Note that the algebraic signs for R} are different from those of Ry and R;.

Exercise 6. Calculate the images

(a) RAX),

(b) R(X),

(c) Rwl/z(sz/z(x))»
(d) R7 /(R /(X))



CHAPTER 3.2
Linear Transformations and Matrices

In Chapter 3.1 we examined a number of transformations T of 3-space, all

X
x2 s
X3

the coordinates of T(X) are given by linear functions of these coordinates.
In each case the formulae are of the following type:

of which have the property that, in terms of the coordinates of X =

X, a;x; + a,x, + azx,
T x2 = blxl + bzXz + b3X3 .
X 1 x; + cyxy + c3x3

Any transformation of this form is called a linear transformation of
3-space. The expression

a a, as
b, b, b,
€ € G

is called the matrix of the transformation T and is denoted by m(T).
We can now list the matrices of the linear transformations in Examples
1-8 in Chapter 3.1.

(1 1 1
3 3 3
m(P)y=13 5 1}, (1
11 1
3 3 3
—1 2 2
3 3 3
mS)=13% -4 %4} ()
2 2 1
L 3 3 3
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_ 0 0O
m(Q)=10 1 0|, 3)
0 0 1
Po-p -
me)=|-% 3 -3 @
L—% _% % J
[ 1 _2 _2
3 3 3
mRy=1-3 5§ -3} (5)
—2 _2 1
|73 3 3
t 00
m(D)=10 t 0f (6)
0 0 ¢
\ 1 0 0 )
m(Ry )=10 cosf —sinf|, Q)
0 sinf cosf |
, ((cos@ O sinf
m(RE) = Lo, ®
L—sind O cosé)
(cosd —sinf O)
m(R})=|sinf cosd O
L 0 0 1)

1 00
We will denote by id, (read identity), the matrix m(I) = [0 1 0].

0 0 1
As in the plane, if T is a linear transformation with matrix m(T)
a a a
=|b, b, b,|, then we write
¢ 6 G
a, a, as|[x a;x, + a,x, + asx;
bl b2 b3 Xy | = b|x| + b2x2 + b3X3 s (9)
C, €y C3{Xx; X, + Xy + C3x4
X
and we say that the matrix m(T) acts on the vector | X | to yield the vector
X3

a;x; + ayx; + asx;
b,x, + byx, + byx; |.
Xy + cyxy + 03X



32 Linear Transformations and Matrices 119

EXAMPLE 1.
1 2 3)(1) [1+2+3) [6
4 5 6||1|=1]4+5+6|=]15],
7 8 9|1 L7+8+9‘ 24
1 2 3](o) [0-2+3) (1
4 5 6||—1|=[0=-5+6|=|1],
7 8 9 lJ O—8+9) 1
1 2 3)(x;] [ +2x,+3x,
4 5 6||x,|=[4x,+5x,+6x;]|
7 8 91|x, 7x + 8x, + 9x;
EXAMPLE 2.

0 1 0)(x, X,
1 0 0 x2 = xl .
0 0 1]|x; X,

We now prove two crucial properties of linear transformations which

Xy
show how they act on sums and scalar products of vectors. If X = xz] and
X3
bg!
Y =|y,|, then
Y3
a, a, a)[(x b4 (@ a, az\(x;+y
by by, by|||x2|+ [»2|{=1|b1 by by||x3+y,
€ G G| X3 V3 (€1 € c3)(X3+ y3

(a)(x) +y1) + ay(x;, + ;) + az(x3+ yy)
= [by(x; + 1)+ by(x,+ py) + b3(x3+ p3)
Lei(X + 1) + (X2 + py) + e3(x3+ y3)

(a)x; + ayx, + aﬁ‘zl [al.yl tayy,+ a3y,
+

= |byx; + byx, + byx, byyi+byy,+ b3y,
€1 %) + €3%; + €3%;3 it ey, tey;

(a, a, az)(x, a, a, as\(y

€ G C3)|X3 € G GJ)s
Thus, for the associated transformation T with m(T)=|b, b, b,|, we
€ G G
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have
TX +Y)=TX) + T(Y). (10a)
Similarly, we may show that
T(rX) = rT(X) (10b)

for any scalar r.
Exercise 1. Prove the statement (10b).

Conversely, if T is a transformation such that T(X + Y) = T(X) + T(Y)
and T(rX) = rT(X) for all vectors X, Y and scalars r, then we may show

Xy
that the coordinates of T'|x;,| are given by a set of linear equations in the
X
x, ’
coordinates of X = x2], Specifically,
X3
X, ((x, 0 0
o HNENH
X3 Lo 0 X3
[ (1 0 0
=T|x;[0|+ x|1|+ x3]0
0 0 1”
1 0 0
=x,T 0]+x2T 1|+ xT0]|
0 0 1
1 a, 0) (a, 0 a,
Let T|o|=|b,|s T|1|={b,|, T|0| =|b;|. Then
0 € 0) | 1 €3
(x, a, a, a;)
T|x,|=x,|b,|+ x3|by | + x3|b3
[*3) 1) €2 €3

(a,x)) a,x,) azxs)
= b|x| + b2X2 + b3X3
Lclxld C2X2‘ C3X3‘

(a,x, + ayx, + asx;
= b|x| + b2x2 + b3JC3
X + cxy + C3X;

as predicted. In summary, we have:
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Theorem 3.1. Let T be a transformation of 3-space. Then T is a linear
transformation if and only if T satisfies the conditions

T(X +Y) = T(X) + T(Y)

and
T(rX) = rT(X)

for all vectors X and Y and all scalars r.

Let T be a linear transformation of R>. Let L be a straight line in R®. By
the image of L under T, we mean the collection of vectors T' (X) for all
vectors X with endpoint lying on L. If II is a plane, we define the image of
II under T in a similar way.

Theorem 3.2. Let T be a linear transformation of R’. The image of a straight
line L under T is either a straight line or a point. The image of a plane 11
under T is either a plane, a straight line, or a point. The image of R* under T
is either R®, a plane, a straight line, or a point.

The proof proceeds in exact analogy with the proof in dimension 2 (proof
of Theorem 2.2 in Chapter 2.2).

Exercise 2. Describe the images of a line L ={A + rU|t real} under a linear
transformation 7.

Exercise 3. Let T be a linear transformation. Let IT be the plane {C + (U + sV |, s
real}, where U and V are linearly independent. Show that the image of II under T is
the collection of vectors T(C) + tT(U) + sT(V). Under what conditions will the
image be a single point? When will the image be a line?

Exercise 4. The image under T of R = {x,E, + x;E;, + x3E; | x;, x5, x; real} is
{x,T(E)) + x,T(Ey) + x3T(E;)}. Under what conditions on T(E,), T(E,), and
T(E,) is this all of R*?



CHAPTER 3.3

Sums and Products of Linear
Transformations

If T and S are linear transformations, then we may define a new transfor-
mation 7 + S by the condition

(T+ 8)X)=TX)+ S(X) for every vector X.

Then by definition, (T+ S X +Y)=TX+Y)+ SX+Y), and since T
and S are linear transformations, this equals T(X) + T(Y) + S(X) + S(Y)
=TX)+ SX)+ TY)+ SY)=(T+ S)X)+ (T + S)Y). Thus for ev-
ery pair X, Y, we have

(T+ S)X+Y)=(T+ S)X)+ (T+ S)Y).

Similarly, we may show
(T+ S)(tX) = (T + S)(X).

Therefore, by Theorem 3.1, T + S is a linear transformation. It is called the
sum of the transformations T and S.

a, ap 4aps ]
4, Gy 4a,;| and the matrix of S is
as; 4z as

If the matrix of T is m(T) =

by by by
m(S)=|by, by by |, then we may calculate the matrix m(T + S) of

b3| b32 b33
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T + S as follows:

Xy Xy Xy
(T+ S)|[x|=T|x|+ S|x,
X3 X3 X3 |
r 3
a,; ap apl|Xx by, by, by||x
= |ay ay ay||X|+ by by byl|x:
a3 43 a3 )|X3 by by biyf|x;
]
ayx;+ apx, + ag;zx; bixy + byyx; + by3x;

= |ay x| + apX, + ayxy | + | by x) + byyx, + byyx,

a3 x; + azpx, + azx, by xy + byyx, + bisx,

(ay, + by)x, +(ay + b)x, + (a3 + byy)x,
= |(ay + by)x + (ay + by)x, + (ax + by3)x;,
(@31 + by1)x; + (a3 + by)x; + (a3 + by3)x;

ay+by ap+by, a;+b;lx

= |ay + by ay+by ay+byllx,|

93 by, ap+ by, ay+ by ||x,

Thus the matrix for the sum of two linear transformations is just the matrix
formed by adding the corresponding entries in the matrices of the two
linear transformations.

We define matrix addition componentwise by the formula:

a, a; ap by, by, by ay+by, a,+b, a;+bg;
ay Gy ay|+ by by by|=|ay+by apn+by, ay+ by
az; a4z as by, b3y, by ay + by ay+ by a3+ by

(D

Therefore we may write the matrix of T + S as the sum of the matrices
of T and S:

m(T+ S)=m(T)+ m(S). @)

Exercise 1. For any linear transformation T and any scalar 7, we define a new
transformation ¢T by the condition: (tT)(X) = tT(X) for all X. Show that (T is
a linear transformation by showing that (:T)X +Y)= (¢T)(X) + (¢T)(Y) and
(tT)(sX) = s(¢tT)(X) for any vectors X, Y and any scalar s. For any matrix, we
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define the product of the matrix by the scalar ¢ to be the matrix whose entries are
all multiplied by ¢, i.e.,

ap dp ap tay, la)p lay;
tlayy ay apn|=|tay tay taxy|. 3
ay as axp lay, las, las

Show that m(¢tT) = tm(T).

ExaMmPLE 1. We may use the above ideas to calculate the matrices of some
of the transformations we used in Chapter 3.2, e.g., if S is reflection in the
x4-axis and T is projection to the x,-axis, then S =2T — I, so

m(S)=mQ2T - I)=mQ2T)~ m(I)=2m(T) - m(I)

0 00 1 00 -1 0 O
=210 0 O/|—(0 1 O|=|0 -1 O

0 0 1) (001 0o o0 1

As in the case of the plane, we may define the product of two linear
transformations 7T and S to be the transformation R given by R(X)
= S(T(X)).

We write R = ST, and we call R the product of S and T.

ExaMPLE 2. Let K be reflection in the x,x,-plane and J be reflection in the
x,x5-plane. Then

X, - X, - X, - X,
J x2]= ‘ X, ] and K(J(X))=K| X2 |= [ X2 ]
X3 X3 X3 — X3
Xy — X
Also, J(K(X))=J[ X, ]=[ x, |, so KJ =JK.
— X3 — X3

Exercise 2. Show that if S and T are any linear transformations, then ST and TS
are linear transformation, using Theorem 3.1.

EXAMPLE 3. Let P be projection to the x,x,-plane and let Q be projec-

X1
tion to the x,x,-plane. Describe PQ and QP. We find PQ|X;| =
X3
P|O|x; || = P|X2| = [%2| Also, QP| X2 | = | X3 |.
X3 X3 0 X5 0




3.3 Sums and Products of Linear Transformations 125

Exercise 3. Let R denote projection to the x;-axis and let P denote projection to the
x,x,-plane. Find RP and PR.

) xl xl x] x,
ExaMpPLE 4. Find PP. Since PP|x;| = P|P|X;|| = P|X3|=|X2 . There-
X3 X3 0 0

fore, PP(X) = P(X) for all X, so we have PP = P.
Exercise 4. Show that RR = R and QQ = Q, where R and Q are as above.

ExampLE 5. Find KQ and QK, when K and Q are the transformations
defined in Examples 2 and 3. We have

Xy 0 0 X, X, 0
KQ Xy | = Kixy|= Xy |, QK Xy | = Q Xy = Xy .
X3 X3 —X3 X3 - X3 — X3
Thus KQ = QK.

Exercise 5. Find KP and PK, and RK and KR, where K, P, and R are the
transformations in Examples 2, 3, and 4.

ExXAMPLE 6. Let S be a linear transformation and let I denote the identity
transformation. Find SI and IS. For each X, we have SI(X)= S(X) and
IS(X) = I(S(X)) = S(X). Thus SI= S = IS.

If T and S are linear transformations with matrices

a, a4, ap by, by, by
m(T)=|ay a, ay| and m(S)=|by, by by,
asyy ads ax by by, by

then we know that TS is also a linear transformation, so we may calculate
its matrix as follows. To find the first column of m(TS), we must find the

by,
image of E,, i.e., TS(E,) = T(S(E,)), where S(E,) = | b,, |. Thus
by,
ay ap apsl|by, ay by + apby, + ay3bs,
T(S(E) = |ay ay ay||by| = |ayb + ayby + aybs, |.
ay ay, ayp||by ay by + ayby, + ayb;,

Similarly, we may find the second column of m(7TS) by computing
T(S(E,)) and the third column of m(TS) by computing T(S(E,)).

We define the product of the two matrices m(7T) and m(S) to be the
matrix m(TS) of the product transformation TS. Thus m(T)m(S)=
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m(TS) or

ay ay agllby by, by
ay Gy ay||by by by |=m(TS)
ay ayp ay||by by by,

aypby + apby +apby apby,+ apby, + agby, ay by + apby; + a3by;
= |a0b\1 + ayby + ayby  ay by, + ayby, + aybs, aybi3+ apby; + ayby, |.
a3 by + aynby + ayby a by, + apnby, + aybs, a3 b3 + aynby; + ayb;,

4)
(2 1 2 112
ExampLe 7. f m(T)=1 3 1|[and m(S)=|2 3 |1]|, then
3 1 4 1 311

m(T)m(S)

(2-14+1-2+2-1 2-14+1-342-3 2-24+1-142-1
=11-14+3-2+1-1 1-143-3+1-3 [1-2+3-1+1-1]
3-1+1-24+4-1 3-14+1:-34+4-3 3-241-14+4-1

6 11 7
=18 13 6
9 18 11
and
(11 2)2 1|2 9 6 11
m(S)m(T)=2 3 1{{1 3 [1}|=[10 12 [11]|-
1 3 1J{3 1[4 8 11 9

Note that m(TS) # m(ST) in this case.

When computing the product of matrices in the 3-dimensional case, we
find that each entry is the dot product of a row of the first matrix with a
column of the second. The entry in the second row, third column, of
m(T)Y)m(S) is given by the dot product of the second row of m(T) with the
third column of m(S). We indicate this entry in the examples above.

Exercise 6. Calculate the products of the following matrices:
2 1 0\/7 0 1 3 0 0\/2 06 01 0\/1 2 3
0 3 3}t 1 1} o1 0Jf1r 1 1} 1 0 0J]{4 5 6}
02 1/\2 12 0 0 3/\1 3 2 00 1/\7 8 9

Exercise 7. Each of the transformations J, K, P, Q, R of Examples 1, 2, and 3 has
the property that the transformation equals its own square, i.¢., JJ = J. Verify that
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m(J)- m(J)=m(J), and verify that each of the matrices of the other linear
transformations equals its own square.

Exercise 8. Since PR =0 as linear transformations, it follows that m(PR)

000
= m(0) =(0 0 0). Verify that m(P)m(R) = 0= m(R)m(P).
0 00
0 01 . ’
Exercise 9. Show that [ | 0 0] has cube =id but a square s id. Describe the
010

linear transformation with this matrix.

As in the 2-dimensional case, the distributive law of matrix multiplication
over matrix addition is a consequence of this law for linear transformations.
The same is true for the associative laws of matrix multiplication and
matrix addition. Thus

(m(T)m(S))m(R)=m(TS)m(R)=m((TS)R)=m(T(SR))

=m(T)m(SR) = m(T)(m(S)m(R)), ®)

m(T)ym(S)+ m(T)m(R)y=m(TS)+ m(TR)=m(TS + TR)

m(T(S+ R))=m(T)m(S + R)

=m(T)(m(S)+ m(R)). (6)
u

Exercise 10. Let U be a unit vector with coordinates ( uz). Show that the projec-
us

u|2 Uy UzUy
tion P to the line along U has the matrix |u,u, w2  usu, |-

Uy upuy U3
Exercise 11. Show that the matrix for the reflection R through the line along U is
2ul =1 2uu, 2u3u,
m(R) = 2uiu, 2u3—1  2usu,

2u u; 2uuy  2ui — 1

1/V3
ExampLE 8. If U=, /y3 | then, defining P and R as in Exercises 10

1/3
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and 11,
Fd4) [
mPy={3 4 3|=4[1 1 1,
i 14 1 11

while

m(R)=2m(P)—m(I)=§{2 1 2
2.2 2

ot
(3]
(3]

———

2
Exercise 12. Find the matrices of projection to the line along U = %( 1) and of
2
reflection through this line.

§1. Elementary Matrices and Diagonal Matrices

As in the 2 X 2 case, there are certain simple 3 X 3 matrices from which we
can build up an arbitrary matrix. We consider matrices of three types:
shear matrices, permutation matrices, and diagonal matrices.

(1) Shear Matrices: For i+ j, let e,.J‘. = matrix with all I’s on the diagonal
and s in the i, j position and 0 otherwise. For example,

1 5 0 1 00
ei‘Z =10 1 0f e§3 =10 1 s/
0 01 0 0 1
(2) Permutation Matrices: p; = matrix which is obtained from the identity

by interchanging the i’th and j’th rows and leaving the remaining row
unchanged. For example,

0 01 1 00
P3=10 1 0f Px=1{0 0 1|
1 00 010

A matrix of one of these types is called an elementary matrix. If e is an
elementary matrix and m is any given matrix, it is easy to describe the
matrices em and me.

In the following discussion, we set

a a; a
m=|b, b, byl
€ € G
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ExAMPLE 9.
1 0 0)(a, a, a4 a a, a,
em=|s 1 0|[b, b, by|=|sa;+ b, sa,+ b, sa;+ bs|,
0 0 1ljley ¢ ¢ ¢ c, s

We see that e;;m is the matrix we get, starting with m, by adding s times
the first row of m to the second row of m and leaving the other rows alone.

Exercise 13. Show that ej,m is the matrix obtained from m by adding s times the
second row to the first row and leaving the other rows alone.

ExampLE 10.

0 a, +sa, a, a,
O|=|b,+sb, b, bsl,
1 c,tsc, ¢ ¢

a, a, a;)(1 O
mes; = |b, b, bslls 1
¢, ¢, ¢5{|{0 O

which is the matrix obtained from m by adding s times the second column
to the first column and leaving the other columns alone.

Exercise 14. Describe the matrix mef;.
The preceding calculations work in all cases, and so we have:

Proposition 1. For each i, j with i # j, e;m is the matrix obtained from m by
adding s times the j’th row to the i’th row of m and leaving the other rows
alone. Also, me; is the matrix obtained from m by adding s times the i’th
column to the j’th column.

1 00
Note: Recall thatid=(0 1 0], so e,-j-id = e,-j‘-.
0 0 1
Thus we can instantly remember what multiplication by e; does to an
arbitrary matrix by thinking of e; itself as the result of multiplying the

1 00
identity matrix by e;. For instance, e;;=10 1 0}, so the product e3,id
s 01

= the matrix obtained by adding s times the first row of the identity to its
last row. Hence, this is what multiplication by e3; does to any matrix: it
adds s times the first row to the last row.

ExampLE 11.
0 0 N(a, a, a4 c, € €
pism=10 1 0|ib, b, by|=|b, b, bs|.
1 0 Ofle; ¢ o4 a, a, a,

Thus p,;m is the matrix obtained from m by interchanging the first and last
rows and leaving the second row alone.
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Exercise 15. Show that mp,; is the matrix obtained by interchanging the first and
third columns of m and leaving the second column alone.

For every permutation matrix p;, the situation is similar to that we have
just found; so we have:

Proposition 2. For each i, j with i # j, p;m is the matrix obtained from m by
interchanging the ’th and j’th rows, and mp;; is the matrix obtained from m
by interchanging the i’th and j’th columns.

Again, to remember how Py acts on an arbitrary matrix m, we need only
look at p; and remember that p; = p;id.

We call a matrix |0 ¢, O/ a diagonal matrix.
0 0 1

t, 0 0
ExaMPLE 12. Letd=|0 1, O
0 0 1,

tl 0 0 al a2 a3 tlal t|02 t1a3

dm = 0 t2 0 bl bz b3 = t2b| t2b2 t2b3 .
0 0 #ifc, ¢ ¢ 1,0, 130, 1304

Exercise 16. With d as in the preceding example, calculate md.
By the same calculation as in Example 12 and Exercise 16, we find:

Proposition 3. If d is any diagonal matrix, dm is the matrix obtained from m
by multiplying the i’th row of m by t, for each i, where 1, is the entry in d in
the (i, i)-position. Also, md is obtained in a similar way, the i’th column of m
being multiplied by t,.

Exercise 17.

(a) Show that (p,)* = id and similarly for p;3 and py;.
(b) Show that p1;p23 # P23 Pi2-

Exercise 18. Show that if

t| 0 0 51 0 0
d=1]0 t, 0] and 4 =|0 s, O,
0 0 1 0 0 s

then d,d, = dd;.
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Exercise 19. Calculate the following matrices:

1 0 0\/4 0 0\/1 0 O
(a)m=(s10)(050)(010,
0 0 1/\o 0 6/\0 ¢t 0O
1 0 0\/2 O 0\/0 0 1
(b)m=(001)(0 -2 o)(010).
o1 0/\o 0o o/\1 00O

By multiplying elementary matrices together, several at a time, we can
build up al/l matrices.

Theorem 3.3. Let m be a 3 X 3 matrix. We can find a diagonal matrix d and
elementary matrices e,e,, . . ., e, and f, . . ., f, so that

m=ee,...edff,...f,.

We shall give the proof of this theorem in the next chapter.

Figures 3.11a-1 indicate the effects of elementary transformations, diag-
onal matrices, and projections. Figure 3.11a shows the identity transfor-
mation I; Figure 3.11b shows the matrix with diagonal entries 2, 1, and 1;
Figure 3.11c shows the matrix with diagonal entries 1, 2, and 1; Figure
3.11d shows the matrix with diagonal entries 2, 2, and 1; Figure 3.11e
shows the shear transformation m?,; Figure 3.11f shows the matrix with
diagonal entries 1, 1, and 2; Figure 3.11g shows the matrix with diagonal
entries —1, —1, and 1; Figure 3.11h shows the shear transformation mj};
Figure 3.11i shows the matrix with diagonal entries —1, —1, and —1;
Figure 3.11j shows the matrix with diagonal entries 1, —1, and —1;
Figure 3.11k shows the shear mj,; and Figure 3.111 shows the projection
given by the diagonal matrix with entries 1, 1, and 0.

(a) (b)

Figure 3.11
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CHAPTER 3.4
Inverses and Systems of Equations

Let T be a linear transformation of R>. As in the case of two dimensions,
we say that the linear transformation S is an inverse of T if

ST=1 and TS=1. (1
Can a linear transformation have more than one inverse? The answer is
no and the proof is the same as in R2. (See Chapter 2.4, page 52.)
ExampLE 1. If ¢ # 0, then D, , is the inverse of D,.

ExaMPLE 2. The inverse of Rol, rotation by # radians around the x;-axis,
then, is R!, = R,, _,.

ExAMPLE 3. Let 4 be the transformation with matrix [(1) (2) 8 . The trans-
0 0 3
1 0 0
formation B with matrix [0 3 0| is the inverse of 4, because
0 0 1§
X, 1 0 0)(x X, 1 00 X, X,
AB|x3|=A| |0 4 Ofix,||=4}|3 x||=10 2 O}lL x,|=|x,},
X3 0 0 1ijix; 1 x; 0 0 3|14 x4 X3

s0 AB = I, and, similarly, B4 = I.

ExaMPLE 4. Let 7 be a plane and let P be projection on the plane 7. We

claim P does not have an inverse, and we shall give two proofs for this
statement.
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Suppose Q is a transformation satisfying PQ = QP = I.

(a) Choose a vector X which is not in the plane 7. Then X = I X)=PO(X)
= P(Q(X)).

But X is not in 7, while P(Q(X)) is in 7, so we have a contradiction.
Thus, no such Q exists.

(b) Choose a vector X 5 0 with X L 7. Then P(X) = 0, and so o(PX))=0.

Thus X = I(X) = Q(P(X)) = 0. This is a contradiction. Therefore, no
such Q exists.

EXAMPLE 5. Let T have matrix

1 -1 0
0 I -1
-1 0 1

Xy
We claim T has no inverse. Suppose S satisfies ST = TS = I. Let X = xz]
Y1 X3
be a vector in R%. Set S(X) =| »,|. Then
Y2
Y1
X=IX)=T(S (X)) =T|»
Y3
L =1 0 (» ™ 0N
=0 1 =yl =| y2=»s
-1 0 1 J{»s Ity

Since (y; —y)) +(y; —y3) +(=y, + ;) =0, X lies on the plane: x, +
X, + x3=0. Thus every vector in R? lies on this plane. This is false, so S
does not exist, and the claim is proved.

Exercise 1. Find an inverse for the transformation T which reflects each vector in
the plane x; = 0.

Exercise 2. Find conditions on the numbers a, b, ¢ so that the transformation T

with matrix
a 00
0 b5 0
0 0 ¢

has an inverse S. Calculate S when it exists.

Exercise 3. Find an inverse S for the transformation T whose matrix is

010
1 0 0}
0 01

X X2 X1
Hint: T| x; | =| x; | for every | x3 |.
X3 X3 X3
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010
Exercise 4. Find an inverse S for the transformation with matrix (0 0 (1) )
1 0

a b ¢
Exercise 5. Show that the transformation 7 with matrix (2a 2b 2,;) has no
3a 3b 3c

inverse for any values of a, b, c.

a b c
Exercise 6. Show that the transformation 7" with matrix [ d e f } has
a+d b+e c+f
no inverse for any values of a, b, c, d, e, f.
a a; a;
Exercise 7. Let T be the transformation with matrix [bl b, b;|. Suppose that
€ € 6
there exist scalars ¢,, 1,, 3, not all 0, such that
a b, c
Hlay|+ 6| by| + t3|c, | =0.
as b, 3

(a) Show that there is a plane  such that for every vector X, T(X) lies in 7.
(b) Conclude that T has no inverse.

Let T be a linear transformation of R>. For a given vector Y, we may try
to solve the equation

T'X)=Y )
by some vector X. Suppose S is an inverse of T. Then
T(S(Y))=TS(Y)=I(Y)=Y,

so X = S(Y) solves (2).
Now let X be a solution of (2). Then

S(Y) = S(T(X)) = ST(X) = I(X) = X.

So S(Y) is the only solution of (2).

We have shown: if T has an inverse, then Eq. (2) has exactly one solution
X for each given Y.

Conversely, let T be a linear transformation which has the property that
Eq. (2) possesses exactly one solution for each Y. We shall show that it
follows that T has an inverse.

Denote by S(Y) the solution of (2). Then T(SY))=Y,and if T(X) =Y,
then X = S(Y). We have thus defined a transformation S which sends each
vector Y into S(Y). By the definition of S, TS(Y) = T(S(Y)) =Y, for each
Y in R So TS = I. Also, if X is any vector, set Y = T(X). Then X = S(Y),
by the definition of S, and so X = S(T(X)) = ST(X). Hence / = ST. Thus
we have shown that S is an inverse of T.

Our conscience should bother us about one point. S is a transformation
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of R?; but is it a linear transformation? To answer this question, choose two
vectors, X and Y.

T(S(X)+ S(Y))=T(S(X))+ T(S(Y)) (since T is linear)
=TSX)+ TS(Y)=IX)+ I(Y)=X+Y,
$0
S(X) + S(Y)

solves (2) with X +Y as the right-hand side. By the definition of S, it

follows that S(X) + S(Y) = S(X + Y). Similarly, S(¢X) = tS(X) whenever ¢
is a scalar.

Exercise 8. Prove the last statement.
We have proved:

Proposition 1. Let T be a linear transformation of R’. Then T has an inverse
if and only if the equation
TX)=Y ()

has, for each Y, one and only one solution X.

Corollary. If T has an inverse, then
T(X)=0  implies that X =0. 3)

ProOF. Set Y = 0 in Proposition 1.

Suppose, conversely, that 7 is a linear transformation for which (3)
holds, i.e., 0 is the only vector which T sends into 0. It follows that the
equation T(X)=Y has at most one solution for each Y. To see this,
suppose T(U) =Y and T(V) =Y. Then

TU-V)=TU)-T(V)=Y-Y=0,
soby(3,U-V=0,orU=V.

We proceed to show that (3) also implies the existence of a solution of
T(X) =Y for each Y. We saw, in Chapter 3.2, that the image of R under
any linear transformation is either a plane through 0, a line through 0, R3,
or the origin. Suppose the image of R3 under T is a plane 7 through 0. The
vectors T(E,), T(E,), T(E;) all then lie in «. Three vectors in a plane are
linearly dependent. Thus we can find scalars ¢, t,, #;, not all 0, such that
t,T(E)) + t,T(E,) + t,;T(E;) = 0. Therefore,

T(t,E, + ,E, + 1,E3) = 1, T(E,) + ,T(Ey) + 1;T(E;) =0,
L
while t,E, + 5,E, + t;E; = |1, | # 0. This contradicts (3). Hence, the image
5]
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of R? under T cannot be a plane. In the same way, we conclude that the
image cannot be a line or the origin, and so the image must be all of R,
This means that for each Y, there is some X with T(X)=Y. So the
existence of a solution is established. We have just proved: If T is a linear
transformation of R> such that (3) holds, then Eq. (2) has one and only one
solution for each Y.

By Proposition 1, it follows that 7 has an inverse. Thus we have:

Proposition 2. Let T be a linear transformation of R*. If (3) holds, i.e., if
T(X) = 0 implies that X = 0, then T has an inverse. Conversely, if T has an
inverse, then (3) holds.

We now need a practical test to decide whether or not (3) holds, given
the matrix of some linear transformation 7. In two dimensions, the test was

this: If (‘; Z) is the matrix of a transformation A4, then 4 has an inverse if

and only if ad — bc # 0. We seek a similar test in R>.
Let T be the linear transformation whose matrix is

a, a, a
b, b, b,|.
€ €6 G
We call the vectors
a, b, ¢
A = a2 N B = b2 5 C = C2
Xy
the row vectors of this matrix. The vector X = | x, | satisfies T(X) = 0 if and
X3

only if

a\x, + a,x, + a;x, =0,
byxy + byx, + byxy; =0, @)

1 x)+ cyxy + c3x,=0.
X
X2
X3

A-(BXC)=0. )

On p. 124, Chapter 3.0, we showed that (4) has a nonzero solution X =

if and only if

Combining this last result with Proposition 2, we obtain:
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Theorem 3.4. Let T be a linear transformation of R® and denote by A, B, C
the row vectors of the matrix of T. Then T has an inverse if and only if
A-BXC)#0.

Let T be a linear transformation of R* and assume that A - (B X C) # 0.
We wish to calculate the matrix of T~ !. Set

u, v w
m(T Y= |u, v, wy|,
Uy vy Wy
1 U 1 u
where the u;, v;, w; are to be found. Then T~ '{0| = (U], s0 |0| = T|u,|,
0 uy 0 Uy
which we can write
au, + au, + azu; =1,
b, + byu, + byu; =0, (6)
cuy + cyuy + cyuy =0,
Set A=A - (B X C). Then we have
A-(BXC)=A4,
B-(BxC)=0,
C-(BxC)=0,
and hence, using the hypothesis A # 0,
.BXC _
A A ,
BXxXC
B A 0,
.BXC _
C A 0
u
Thus |u, | = B X C/A satisfies (6), so
U3
Bxc)_ [!]
r(B5E)= o}
0)
and so
1
BXxC = T—l 0l (7)
A 0 :

Now recall that by Exercise 6, Chapter 3.0,
A-(BxC)=B-(C><A)=C-(AxB).
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By a calculation like the one which led to (7), we get

C X A = T—I (i)
A 0
and
0
AXB _ -1
A T 0]
1
By the definition of the cross product,
16, by]]
€ G
BxC= by b, and
;¢
¢ &
( 3
€ €3
a a,
_ 1l
CXA= a4y a and
¢ G
a, a
' az a3 9
b, b,
AXB= b, b,
a, a,
b, b,

We conclude that

m(T") =

Note that

A=A'(BXC)=al b, b,
€ €

+a2\

1
A C3 C as a, b3 bl

139

®)
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1 2
EXAMPLE 6. If m(T) = [1 0o - 1], find m(T ).
0 1 1
A=1|O ‘1’+2|“ 11431 0

1 1 1 0 01

=1 142(=1)+3-1=2.

By @),
1= (-1) =-2) [+ 4+ -1
m(T™h=4|-1 —(-1) 4 |=(-4 4 2
1= -2 [+ -1 -1

Exercise 9. Verify that the matrix just obtamed for m(T ~ 1) satisfies m(T)m(T ")
= m(I) and m(T ~"Ym(T) = m(]).

Exercise 10. Use (8) to find inverses for

010
@11 00}
0 01
1 0 O
01 0
5 51
©f{1 00}
0 0 1
Let m be a matrix which possesses an inverse matrix m~ Lie.,
mm~' = m~'m = identity matrix = id.
a, a, a3
Let m=|b, b, by|. We shall give a new approach to the problem of
¢ € G
finding the entries in the matrix m .
Y1
Given a vector [yz , consider the following system of equations for the
)3

unknowns x,, X,, X3:
alxl + a2x2 + a3x3 =y| 5
byx) + byxy + byx; = y;, ®
Suppose we can solve the system (9) be setting
x,=dy,+dyy,+ dyys,
x,=ey1tey;teys (10)
x3=fiyi+ oyt 103
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where d,, ¢;, f; are certain numbers which do not depend on y,, y,, y;. We
define a matrix n by

dy, d, d,
n=|e e e;]. (] ])
h f £
Then (9) and (10) state that, setting
X Y1
X= le and Y= )|,
X3 Y3

m(X) =Y and n(Y) =X. So
nm(X) = n(m(X)) = n(Y) =X.
This holds for each vector X. Hence
nm = id.
It follows that
n=(nmy(m "y=idm Yy =m"".

We thus have the following result:

The matrix n defined by (11) is the inverse of the matrix m.

1 2 3
EXAMPLE 7. m = [1 0 - ]}. Find m ™' by the preceding method.
01 1

The system (9) here is
X +2x,4+3x3=y,,
Xy = X3=)2,
We can solve this by eliminating x; from the last equation by setting
X3=)3— X;.
Inserting this expression in the first two equations yields
X1+ 2%+ 3(y3— x)) =y,
X = (V3= %) =y,
or
X = Xy =y, =3y,
Xyt x;=y,+y;.
Solving this system for x, and x,, we find
2x,=y1+y,— 23,
2x=(02t ) = (N = 3y3) = =y +y, + 4y,
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SO
;=30 +3Y2" )3
X,= =3y +t3y+ 2,
and
X3=3)—3)V2" Vs
since

=y —x =Ly —1y
X3=Y3 = X= 3172027 )3
Thus, here,
d d, d
m—'= e e e|= -1

i b hs ;7 —1 —1

To our great relief, the answer we found agrees with our earlier answer to
Example 6.

Nf—
Nl— 0=

Exercise 11. Using the method just described, find inverses for the following
matrices:

010
(a)loo),
0 0 1
551
(b)loo),
0 0 1
1 -1 2
©l6 o 1)-
3 02 1

Exercise 12. Using the methods just described, find an inverse for
1 a b
01 ¢
001
1 s 52

Exercise 13. By computing A - (B X C), show that [| , ,2|hasan inverse pro-

1 u u?
vided s, ¢, u are all distinct. Hint: Simplify the expression you get for A - (B X O),
writing it as a product.

Exercise 14. S and T are linear transformations of R3 which have inverses. Show
that ST has an inverse and that (ST)™'=T~'S ™\

Exercise 15. S is an invertible linear transformation of R3, D is a linear transforma-
tion of R?, and T = S ~'DS. Show that

T?=5-'D3S, T>=S"'DS.
Exercise 16. n is a 3 X 3 matrix such that n3 = 0. Show that

(id+n)'=id—n+n’
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0 a b . _
Exercise 17. Set n =(0 0 c)- Show that n® = 0. Using Exercise 16, find the

000

1 a b )
inverse of id + n =(0 1 c)- Compare your result with the answer to Exer-

001

cise 12.
1 00

Exercise 18. For what values of a, b, ¢, d does (0 a b) have an inverse?
0 ¢c d

Calculate the inverse when it exists.

We defined the inverse S of a linear transformation T by the two
conditions:

(i) ST=1
and
Gi) TS =1.

Suppose that only one of the two conditions is satisfied, say, (i) holds. Does
(ii) follow?

Proposition 3. Let S, T be linear transformations of R® such that ST = 1.
Then TS = 1.

ProoF. Choose a vector X such that T(X) =0. Then X = I(X) = ST(X)
= $(0) = 0. Then, by Proposition 2, T has an inverse, T "', with T~'T
=TT '=1. Since ST=1, S=8I=S(TT " "Y=(ST)T~'=1IT"!
=IT'=T ' Hence TS=T(T ") =L

Exercise 19. Let S, T be two linear transformations. Show that if the product ST

has an inverse, then S has an inverse and T has an inverse.

§1. Inverses of Elementary Matrices and Diagonal
Matrices

Recall the elementary matrices e; and p; that we studied in Chapter 3.3.
Let us find the inverses of these matrices.

1 0 0jf1 0 O 1 00
EXAMPLE 8. eje5, = [0 1 o] [0 1 0] =| 0 1 0. Choosing
s 0 1)l O 1 s+t 0 1
t = —s, this gives e3,e;,° = id, and replacing s by —s and ¢ by s, we get
e;’es, =1id. So (e5,) ' = e3".
Exercise 20. Show that (e3,) ™' = e3°.

Exercise 21. Show that (ef,) ™' = e5".
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In the general case, for all i, j, and s, a similar calculation gives us:

Proposition 4. (e = e’
0 01

ExaMPLE 9. Recall that p;;, =|0 1 0| We know that for each matrix m,
1 00

pym is obtained from m by interchanging the first and third rows and
leaving the second row alone. Hence,

Pu Py =1id,
s0 (p3) ' = p3-

Exercise 22. Find (p;5)~"
In the general case, we have:

Proposition 5. For every i, j, i # J,
(Py)”~ '= Pij -

Next, consider the diagonal matrix

t, 0 0
d= 0 t2 0.
0 0 1

If any of the numbers ¢,, t,, t; is 0, then by Theorem 3.4, d has no
inverse. If all 7; # 0, we have

t, 0 0)(1/e, 0 0O
0 Ol 0 1/, 0 [=id,
0 0 5|0 0 1/4

1/, O 0
sod '=| 0 1/t, 0 | Thus we have:
0o 0 1/14

Proposition 6. A diagonal matrix d has an inverse if and only if its diagonal
entries are all #0, and in that case d ™' is the diagonal matrix whose
diagonal entries are the reciprocals of those for d.

We shall now show that, by multiplying a given matrix m by suitable
elementary matrices, we can convert m into a diagonal matrix.
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a, a, as
Let m = b: b, by|. If a,#0, we can choose ¢ so that b, + ta; = 0.
¢ G
Then
a, a, a,
em=|0 by,+ta, b3+ ta;).
g ) ]

Similarly, we can choose s so that
a, a, a,
e;leZIlm = O b2 + taz b3 + ta3 .
0 c,+sa, c3+ sa;

a a4, a4,
Thus e3,e;,m = [0 x y |- Similarly, we can find r, g so that
0 z w
a 0 0
esiepmenefs=10 x yl| (12)
0 z w

If a, = 0, either m is the zero matrix or some entry of m is # 0, say, b; # 0.
Then

a a, a by b, b,
mpy3=|by b, by| and p,mp;=|a; a, a|
€3 6 € €3 € €

Since by # 0, we can apply formula (12) to the matrix p,,mp,; and get

b; 0 0
esenpampizees=|0 x vl (13)
0 z w
If x # 0, we can proceed as earlier and find scalars i, J so that (2) yields
b 0 0
e§2e§,ez’lplzmp,3e,’2e,’13e{3 = lO x O]'
0 0 u

The right-hand side is a diagonal matrix. If x =0, we consider two
possibilities. If y, z, w in (13) are all 0, then the right-hand side of (13) is a
diagonal matrix. If at least one of y, z, w # 0, say w % 0, we can multiply

the left-hand side in (13) on the left by p,, and on the right by p,; and
obtain

P2€31€1 Pmpsenehpn=10 w
0 y

=x N O
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where now w # 0. Proceeding as we did earlier when we had x # 0, we find
that

0 0 u
which is again a diagonal matrix. So in every case, we can find elementary
matrices e, . . ., €, fi, . . ., f; so that
elez-..ekmflfz...ﬁ=d,

where d is a diagonal matrix. It follows, by multiplying the last equation by
-1
e ', that

' _ by 0 0
enpneenPrmpienetipnes=10 w 0l

- o1
e...emf ... fi=e'd.
Continuing, we obtain
= - —1,-1
mfy...fi=e  ...e e d,
and
= o — 1, =1 ge—1p—1 ~1
m=e; ...e; e dfy fiT ... fi .

Note that the inverse of an elementary matrix is again an elementary
matrix. We have thus proved:

Theorem 3.5. Let m be a 3 X 3 matrix. Then we can find elementary matrices
g -+ & M- - ., by and a diagonal matrix d so that

m=g g ...gdhhy .. h. (14)

ExaMPLE 10. Let us express the matrix
1 10
m=|3 1 2
5 2 4

e2_|3m =

in the form (14),

‘
-

,

~

-5 -3 _
€31 €m=

,
“

~

~3/2,-5,-3, _
€3 / €31 €m=

co— OO0~ no —
I
()

—NO ANO ANO

r
“

Also,

1 1 0 1 0 0
0 —2 2len'=10 -2 2

0o 0 1 0o 0 1
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and
1 0 0 1 0 0
0 -2 2len'en=10 -2 0}
0 o0 1 0 0 1
1o 0 3/2,-5,-3, ,~1,1
Setting d=|0 —2 0| we thus have e;;*/%; %;,’me;'els=d, so m
0 0 1

_ 3,5 ,3/27 — 11
= e21e3le32/ deys ey, or

1 10 1 0 O|f1T 0 O}]j1 O O
31 2|=(3 1 0ff0 1 0Off0 1 O
52 4 0 0 1J|5 0 10 3/2 1

1 0 0|1 0 O |f1 1 O
0 -2 0f(f0 1 —-1(j0 1 0}
0 0 1jj0 0 1 JO 01

Exercise 23. Express the following matrices in the form of (14):

X

0 01
@f{1 0 0}
010
1 30
® 12 0 o}
000
111
©lo 2 2}
0 0 3

§2. Systems of Three Linear Equations in Three
Unknowns

We consider the following system of three equations in three unknowns:
ayx; + ayx, + ayx; = u,,
bix, + byxy + byxy = u,, (15)
Xy + Cxy + c3xy = uy.

For each choice of numbers u,, u,, u,, we may ask: Does the system (15)
have a solution x,, x,, x,? And if (15) has a solution, is this solution
unique?

We may write the above expression in matrix form by introducing the
linear transformation T with matrix

a, a, a,
m= bl bz b3 .
€ 6 €
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Then the system (15) may be written

TX)=1, (16)
Xy u,

where X is the vector [xz and U = |u, |. We call (16) the nonhomogeneous
X3 U

system with matrix m.
If the matrix m has an inverse, then the linear transformation T has an
inverse T~'. We then have
T(T~'(U)) =(TT~)(U) =U;
so X=T"'(U) is a solution of (16), and, conversely, if 7(X)=U, then
X=T"TX))=T"'(U).
So there is a unique solution vector X for each choice of U.

0 0
In particular, if U=0, we find that X=|0|= T~'|0| is the unique
0 0
solution of the system
T(X)=0. (17)

This system, with the zero vector on the right-hand side, is called the
homogeneous system associated with the system (15).

No matter what the matrix m is, the homogeneous system has at least
0
0
0
of the homogeneous system, and we have seen above that if m has an
inverse, then the trivial solution is the only solution of the homogeneous
system.

But what if m does not possess an inverse? Will the system (17) then have
a nontrivial solution? Proposition 2 of this chapter tells us that the answer is
yes. ‘

As in the 2-dimensional case, we obtain the following three general
results.

one solution, namely, the solution X = . This is called the trivial solution

Proposition 7. The system (16) has a unique solution X for every U if and only
if the transformation T has an inverse.

Proposition 8. The homogeneous system (17) has a non-trivial solution if and
only if T fails to have an inverse.

In the case that T fails to have an inverse, the general solution of (16) is
described as follows.

Proposition 9. If X is a particular solution of (16), so that T(X) = U, we may
express every solution of (16) in the form X + X", where X" is a solution of the
homogeneous system (17).
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ExaMPLE 11. Find all solutions of the nonhomogeneous system
X +x,+x;3=1,
2x, = x,=5,
5x,+2x,+ 3x;=8.

If x,, x,, x5 solves the corresponding homogeneous system
X;+x,+x;=0
2x| - x2 = 0,
Sx;+2x,+3x;=0,

then 2x,=x, and x, +2x, + x3=0, so x;= —3x,. Hence, the most
x
general solution X" = X;J of the homogeneous system is
X3
Xy
xh = 2X1
- 3x,

A particular solution X of the nonhomogeneous system is

2
-1l
0

By Proposition 9, the general solution of the nonhomogeneous system is
then

X=

2 X, 2+ x
X=|=1[4+]| 2x; |=|—-1+2x, |,
0 —3x, - 3x,

where x, is an arbitrary real number.

§3. Two Equations in Three Unknowns

In the system (15) under consideration, the number of unknowns equals the
number of equations. Suppose we are given a system of two equations in
three unknowns:

a)x, + ax, + ayx3 = u,,

bix; + byxy + byxy = u,. (18)
The homogeneous system corresponding to (18) is
a,x; + a,x, + a;x; =0, (19)

b,x; + byx, + byx;=0.
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X, a, bl
Setting X = xz], A= {az , B=b, |, we may write the system (18) as
X3 as b,
A X=u, B-X=u, (18)
and the system (19) as
A-X=0, B-X=0. (19)

Proposition 10. If X is one solution of (18), then any solution of (18) can be
written as X + X", where X" is a solution of the homogeneous system (19).

PrOOF. If A-X=A-X=u and B-X=B-X=u,, then A-(X-X)=0
and B- (X —X) =0, so X — X is a solution X" of (19).

If A and B are linearly independent, then the solution space of (19) is just
the line perpendicular to the plane spanned by A and B, i.e., the line along
the nonzero vector A X B.

If A and B are linearly dependent, but not both 0, then the solution space
of (19) will be the plane through the origin perpendicular to the line
containing A and B.

If A =B =0, then the solution of (19) is all of R®.



CHAPTER 3.5
Determinants

Let m be the matrix

a, a, as
b, b, b;|.
c, ¢ €3

Let A, B, C denote the row vectors of this matrix. The quantity
A-BxC)=B-(CxA)=C-(AXB)

is called the determinant of m and is denoted det(m) or

a, a, as
b, b, b,|.
c, €y ¢

Expressed in these terms, Theorem 3.4 of Chapter 3.4 says that m has an
inverse if and only if det(m) # 0. In Exercise 6 in Chapter 3.0, we saw that

A-BXC)=B-(CxXA)=C:(AXB).
Also AXB=—-BXA.
In what follows, we shall frequently make use of these relations.

(i) If two rows are interchanged, the determinant changes sign.
Proor.

b, b, b
a, a, a;|=B-(AXC)=B:-(—-CXA)=-B-(CXA)
€ € G

a, a, a
—A-(BXC)=—|b, b, bs.
€ 6 G

]
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Interchanging the last two rows, we get

a, a, a a a, a

& € O=A-(CXB)=-A-(BXC)=—|b, b, b,

b, b, b,y C, €y €
Finally, interchanging the first and third rows,

€ 6 G a, a, a

bl b2 b3=C'(BXA)=—C'(AXB)=—b| b2 b3.

a, a; a € 6 G

Thus (i) is proved.

(i) If a row is O, then det(m) = 0.
PrOOF. If A=0, det(m)=0-(BXC)=0, and if B or C=0, det(m) =
A-(0xC)or A-(BXx0), and so det(m) =0.
(i) If two rows are equal, then det(m) = 0.
Proor. If A =B, det(m)=A (A X C) =0, by Chapter 3.0, p. 121. Simi-
larly, if A=C, det(m)=0.If B=C, det(tm)=A-(BXB)=A:-0=0. So
(iii) is proved.
(iv) Suppose the three rows A, B, C are linearly dependent. Then det(m) = 0.
Proor. If B and C are linearly dependent, then B X C = 0, so
det(m)=A-(BXC)=A-0=0.
If B and C are linearly independent, then A = ¢,B + ¢,C, and so
det(m)=A-(BXC)=(¢c;B+¢,C)-BXC
=¢B- BXC)+c,C-(BXC)=¢,0+¢,0=0,

so (iv) is proved.

(v) Suppose the three rows A, B, C are linearly independent. Then det(m) # 0.

X
Proor. If X =[x, | is a vector that m sends into 0, then
X3
a, a, as)(x 0
b| b2 b3 Xy | = 0 ,
¢ ¢ C3||X; 0

soA-X=0 B-X=0, C-X=0. By Proposition 1, Chapter 3.0, we con-
clude that X- X =0 and so X =0. '

So m sends only 0 into 0. By Proposition 2 of Chapter 3.4, it follows that
m has an inverse, and so by Theorem 3.4 of Chapter 3.4, det(m) # 0.
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Putting (iv) and (v) together, we have:
(vi) det(m) # 0 if and only if the rows of m are linearly independent.
Exercise 1. Show that (iii) and (ii) are consequences of (iv).

(vii) If a scalar multiple of one row of a matrix is added to another row, the
determinant is unchanged.

PROOF.
. a, a, as
b,+ta, b,+ta, by+taj|=A-[ B+1A)XC]
¢ %) C3

=A-(BXC+1AXC)
=A-BxXC)+tA-(AXC)

a, a, as
=A-(BXC)=|b, b, bs|.
€ € G

Similar reasoning gives the result in the other cases.

Exercise 2. Verify (vii) for the case when ¢ times the last row is added to the first
row.

§1. The Transpose of a Matrix

a, a, a
Letm=|b, b, b,;|. We call the line through a,, b,, ¢, the diagonal of m.
€ 6 €3

The following pairs of entries lie symmetrically placed with respect to the
diagonal:
(ay,b)), (a3,¢y), (b3, ¢y).

Let us interchange the elements in each pair, but leave the elements on the
diagonal alone, and write down the matrix this gives:

a b ¢

a, b, cf.

a3 by ¢
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We call this new matrix the transpose of m and denote it by m*. Note that
the columns of m* are the rows of m and the rows of m* are the columns of
m.

(viii) det(m*) = det(m).

PROOF.
b, ¢ a, ¢ a, b
det(m*) = a, 270 p | e 2
by ¢ as ¢3 ay b,
= a|b2C3 - a|C2b3 - b|02C3 + bIC2a3 + C|a2b3 - C|a3b2
det(m) = a, by b —a, by b +a, by b,
¢ €3 ¢, €3 ¢ GO

= a|b2C3 - a|b36‘2 - azb|C3 + a2b2C| + a3b|6‘2 - a3b2C| .
Thus det(m) = det(m*), as asserted.

We can use this result to give another characterization of matrices with
determinant # 0.

(ix) det(m) # 0 if and only if the columns of m are linearly independent.

ProoF. If det(m) # 0, then det(m*) # 0 by (viii). Hence, the rows of m* are
linearly independent by (vi). But the rows of m* are the columns of m, so
the columns of m are independent.

Conversely, if the columns of m are independent, then the rows of m* are
independent, so det(m*) # 0 and det(m) # 0. The statement is proved.

Is the analogue of (vii) true when columns are used instead of rows?

ExaMmpLE 1. Fix a matrix

a, a, as
m=\|b, b, bs|;
€, € G

let ¢ be a scalar, and set
a, a,+ta; a
m,=|b, by+th, bs|.
¢ Gttt ¢
Then
a; b, ¢
mt=|a,+ta, by+itb cy+ic|
as by C3
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By (viii),
det(m,) = det(m}).
By (vii),
a b ¢
det(m*)=|a, b, ¢, = det(m*).
a; by bs

Using (viii), we again get det(m*) = det(m), so det(m,) = det(m). Thus

a, a,+ta; a a, a, a,
b, by,+tb, by|=|b; b, bs|,
¢, ctitc; ¢y c, ¢ C

and so the analogue of (vii) holds in this case.

Exercise 3. Show that

a, + tay a, as a a, a
bl + tb3 bz b3 = bl b2 b3 .
cp+te; ¢ 3 ¢, € €3

Reasoning as in Example 1 and Exercise 2, we find that:

(x) If a scalar multiple of one column of a matrix is added to another column,
the determinant is unchanged.

§2. Elementary Matrices

Recall the elementary matrices e; and p; we studied in earlier chapters. Let
us find their determinants.

EXAMPLE 2.
1 ¢+ O
det(efz) =|0 1 0=1|(1) ?)—zlo 0|+0=1.
00 1 01

(xi) For every i, j, t, det(eij’.) =1, and for every 1, j, det(p,-j) = —1.

Exercise 4. Prove (xi).
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a a; a
EXAMPLE 3. Let m = |b, b, b,|. Then
€ 6 G

a,+th, a,+th, a;+ th,y
em=| b b b
¢ () 3

Hence, by (vii), det(e;,m) = det(m).
ExXAMPLE 4. Let m be as before. Then
a, a,+ta, a,
mef2= bl b2+ tbl b3 .
¢, Cytite, ¢
Hence, by (x), det(me|,) = det(m).
ExXAMPLE 5. Let m be as before.
€ 6 G

pim=|b, b, bs|
a, a a

Then, by (i), det(p,;m) = —detm. By (xi), det(p;3) = — 1. So we have
det(p\ym) = (det(py3))det(m).

Exercise 5. Show that for each matrix m,

det(e{ym) = det(ej3)det(m)
and

det(mej;) = det(m)det(efs).
Exercise 6. Show that for each matrix m,

det(pipm) = det(piz)det(m).

Reasoning as in the preceding examples and exercises, we find:
(xii) For every i, j, t and every matrix m,
det(e,]“m) = det(e;)det(m)

and
det(me,}) = det(m)det(e,-}).
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Also:

(xiii) For every i, j,
det( p;m) = det(mp;) = (detm)(det p;).

t; 0 0 a, a, a,
Letd=|0 t, O|and m=|b, b, b;|. Then
0 0 1 6 6 G

ha, ha, nLas
dm = (t,b, t,b;, t;b3].
ey 536 136
If A, B, C are the rows of m, then /A, t,B, 1;C are the rows of dm. Hence
det(dm) = t,A - (1,B X 1;C)
= 1,15,1;,A - B X C = 1 t,t,det(m).

Also, det(d) = t,t,¢;. Thus we have proved:

(xiv) If d is a diagonal matrix and m is any matrix, then det(dm) = det(d)
det(m). Similarly, we get det(md) = det(m)det(d).

In Theorem 2.7 of Chapter 2.5, we showed that if a, b are two 2 X 2
matrices, then det(ab) = (deta)(detb). We now proceed to prove the corre-
sponding relation for 3 X 3 matrices.

Theorem 3.6. Let a, b be two 3 X 3 matrices. Then det(ab) = (deta)(detb).

(Note: Theorems 3.5 and 3.6 appear below.)

In the 2 X 2 case, we proved the corresponding result by direct computa-
tion. Although it would be possible to do the same with 3 X 3 case, we
prefer to give a proof based on the properties of elementary matrices.

ProoF. By Theorem 3.3 of Chapter 3.4, there exists a diagonal matrix 4 and
elementary matrices e;, f; such that

a=e ...edf ...f
Using relations (xii), (xiii), and (xiv), we see that
deta = (dete)) . .. (detey)(detd)(det f,) . . . (det f;).

Similarly, there exists a diagonal matrix d’ and elementary matrices g;, hj
so that

b=g,...gdh ... h
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and
detb = (det g,) . .. (det g,)(detd")(deth)) . .. (deth,).
Hence
ab=e ...edf ... fig,...gdh ...h
and
det(ab) = (det(e,)) . . . (dete,)(detd )(det f) . .. (deth,).
So

det(ab) = det(a)det(b).

Note: Even though, in general, ab # ba, we now see that det(ab)
= det(ba), because both are equal to (det a)(detb) = (det b)(deta).

§3. Geometric Meaning of 3 X 3 Determinants

Next we proceed to extend to determinants of 3 X 3 matrices the results we
found in Chapter 2.5 concerning the relations between determinants and
orientation and between determinants and area.

Consider a triplet of vectors X, X,, X; regarded as an ordered triplet
with X, first, X, second, and X, third. Suppose X, and X, are linearly
independent. Then X, X X, is perpendicular to the plane of X, and X,, and
it is so chosen that the rotation about X, X X, which sends X, to X, is
through a positive angle a. The upper half-space determined by the ordered
pair X, X, is the set of all vectors X such that (X, X X;)- X > 0.

The triplet X, X,, X; is said to be positively oriented if X, lies in the
upper half-space determined by the ordered pair X, X, ie., if (X; X X;) -
X, > 0. If (X, X X;) - X3 <0, the triplet is said to be negatively oriented.

EXAMPLE 6.

(a) The triplet E,, E,, E;, is positively oriented since (E, X E,) - E; = E; - E;
=1>0.

(b) The triplet E,, E,, —E, is negatively oriented, since (E, X E,) - (—Ej)
=—1

(c) The triplet E,, E,, E, is negatively oriented, since (E, XE))-E;=
(—E;)-E; = —1 (see Fig. 3.12).

Let
X X1z X13
X, =|xa| X;=|*n| X3=|*z
X3 X3 X33
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E,xE, 1 E, =E, xE, AE,
Ez / E2 / Ez
El <k* El QA E,
I-E, | _E, = E, xE,
Figure 3.12

be an oriented triplet of vectors. Then
X5 X2 X3
X XXy) - Xy=|X12 X2 Xaf.
X3 X3 X33
By (viii), the right-hand term equals
X X2 X3
Xy X3 X3,
X3 X3 X33
which is the determinant of the matrix whose columns are the vectors X,
X,, X,. Let us denote this matrix by (X, |X,|Xj). Thus
(X, X Xy) - Xy = det(X, | X, [ X;),
and so we obtain:

Proposition 1. The triplet X,, X,, X; is positively oriented if and only if
det(X, | X, | X;) > 0.

Next let 4 be a linear transformation which has an inverse. We say that
A preserves orientation if whenever X, X,, X is a positively oriented triplet,
then the triplet 4(X,), 4(X,), A(X;) of image vectors is also positively
oriented.

In Chapter 2.5, Theorem 2.5, we showed that a linear transformation of
R? preserves orientation if and only if the determinant of its matrix > 0. Is
the analogous result true for R*?

Let A be a linear transformation of R® with m(4) =(ay ayn a;
as Qaz as
Suppose A has an inverse and preserves orientation. Since the triplet E, E,,
E, is positively oriented, it follows that the triplet 4(E,), 4(E,), 4(E;) is

a; ap ‘113}



160 Linear Algebra Through Geometry

positively oriented. Hence, by Theorem 3.5, the determinant of the matrix
aj
a3
asy
| A(E,)) = m(A), and so det(m(A)) > 0. Conversely, let 4 be a linear
transformation and suppose det(m(4)) > 0. Let X, X,, X, be a positively
X1

xnl, with X, and X, expressed
X3

(AE))| A(E)| A(Ey)) is >0. But A(E)=]|ay |, etc. So (4(E,)|A(E,)

oriented triplet of vectors with X, =

apXxy tapxy + ap;x;,
ay Xy, + ayxy + a23x3|], and we have similar
a3 X+ aynxy + apxs,
expressions for 4(X,), 4(X,).
The matrix

(A(X)) | 4(X;) | 4(X5))

similarly. Then A(X)) =

ay Xy + apxy + a;3xs,
ay Xyt Xy + ayxsy

ap Xyt apxy ta;xs,
a3 X1yt X + ayxs;
a3X); t a3Xy; + ay3Xs,

a; X3+ apXyy t apxs;
Ay X3+ apXy3t+ AxXs;s

(@31%1) + a33%5; + as3x3 a3 X3+ aypxys + 033"33]

(@, ap ap){xXn X2 X3
= |Gy Aaypn ay||Xn X Xl
931 Q32 d33)(X31 X323 X33

Then, by Theorem 3.7,

a; ap ap||*Xn X2 X
det(A(X))|A(X;) | A(X5)) =|a21 @ || Xn X2 2.
as Az az3||X3 X3 X33

Since the triplet X,, X,, X, is positively oriented, the second determinant on
the right-hand side is > 0, and since by hypothesis det(m(4)) > 0, the first
determinant on the right-hand side is also > 0. Hence 4(X)), 4 (X,), 4(X;)
is a positively oriented triplet. Thus A4 preserves orientation. We have
proved:

Theorem 3.7. A linear transformation A on R® preserves orientation if and
only if det(m(4)) > 0.

We now proceed to describe the relation between 3 X 3 determinants and
volume. Let

X X2 x13
X‘ = | Xs1 |, X2 = |X2|, x3 = |*23
X34 X3 X33

be a positively oriented triplet of vectors. Denote by II the parallelepiped
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with edges along these vectors, i.e., IT consists of all vectors

X =X, + X, + :X;,
where t,, t,, t; are scalars between 0 and 1. By (ix) of Chapter 3.0,
Xi X1 X3
X1z X2 X3f.
X13 X3 X33

X3 X3 X33
X1 X1 X3
Xpp X2 X3

volume (IT) = X, - (X, X X,) =

By (viii), the right-hand side equals
X1 Xp X3
X1 Xy; X3
X3 X33 X33

= det(X, | X, |X;).

So
volume (IT) = det(X, | X, | X;). (1)
Now let T be a linear transformation having an inverse. Denote by 7'(II)

the image of IT under 7. T(II) is the parallelepiped determined by the
vectors T(X,), T(X;), T(X;). Hence, by formula (1) (see Fig. 3.13), we have

volume( T(I1)) = det( T(X,), T(X,), T(X3)). ()

Figure 3.13
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On the other hand, the calculation that led us to Theorem 3.5 gives
det( T(X,)| T(X,)| T(Xy)) = (det(m(T)))det(X, | X, |Xy)
= det(m(T)) - volume(II).
By (2), this gives
volume( T (IT)) = (det(m(T)))(volume(H)). 3)

We have thus found the following counterpart to Theorem 2.6 of
Chapter 2.5.

Theorem 3.8. Let T be an orientation-preserving linear transformation of R*.
If 11 is any parallelepiped, then

volume( T(I1)) = (det(m(T)))(volume(IT)). @)

Note: If T reverses orientation, the same argument yields formula (4)
with a minus sign on the right-hand side, so for every invertible transforma-
tion T, we have

volume( T(IT)) = |det(m(T'))|volume(IT). )
If T has no inverse, T(II) degenerates into a figure lying in a plane, so the

left-hand side is O while the right-hand side is 0, since det(m (7)) = 0 in this
case. Thus, formula (5) is valid for every linear transformation of R>.



CHAPTER 3.6
Eigenvalues

ExamMPLE 1. Let 7 be a plane through the origin and let S be the
transformation which reflects each vector through #. If Y is a vector on =,
then S(Y) =Y, and if U is a vector perpendicular to #, then S(U) = —U.
Thus for t =1 and 7 = —1, there exist nonzero vectors X satisfying S(X)
= ¢X. If X is any vector which is neither on 7 nor perpendicular to 7, then
S(X) is not a multiple of X.

Let T be a linear transformation of R? and let ¢ be a real number. We say
that ¢ is an eigenvalue of T if there is some nonzero vector X such that

T(X)=tX and X#0.

If £ is an eigenvalue of 7, then we call a vector Y an eigenvector of T
corresponding to t if T(Y) = tY.

For example, the eigenvalues of S are 1 and — 1. The eigenvectors of S
corresponding to 1 are all the vectors in 7 and the eigenvectors of §
corresponding to — 1 are all the vectors perpendicular to 7.

EXAMPLE 2. Fix A in R. Let D, be stretching by A. Then for every vector X,
Dy\(X) = AX. Hence A is an eigenvalue of D,. Every vector X in R’ is an
eigenvector of D, corresponding to the eigenvalue A.

EXAMPLE 3. Let D be the linear transformation with the diagonal matrix

A, 0 0
0 A O
0 0 A,
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X Ab 000 rx, Axy
IfX=|x,[,then DX)=(0 A, O [xz] = |A,x, |. It follows that setting
X3 0 0 A |U%3) |Ayx,
1 0 0
E =0, E,=|1|,E;= 0], we have
0 0 1

D(E]) = A]El N D(Ez) = A2E2 N D(E3) = A3E3 .

Thus Ay, A, Ay are eigenvalues of D and E,, E,, E, are eigenvectors. Does

X
D have any other eigenvalues? Suppose D(X) = rX, where X = |x, |, X %0,
X3
1x, Ax,
and ¢ is in R. Then |#x, | = [Ayx, |, so tx; = A,x, for i = 1,2, 3. Since x;#0
x4 As3x;

for some i, ¢ = \,. Therefore, A}, A,, A, are all the eigenvalues of D.

Exercise 1. With D as in Example 3, find all the eigenvectors of D.

Exercise 2. Let T be a linear transformation of R® satisfying 72 = I. Let ¢ be an
eigenvalue of T and X an eigenvector corresponding to ¢ with X 5= 0.

(a) Show that TXX) = r2X.
(b) Show that t=1or¢t= —1.
(c) Apply what you have found to the reflection S in Example 1.

Exercise 3. Let T be a linear transformation of R? such that 72 = 0.

(a) Show that 0 is an eigenvalue of T.
(b) Show that 0 is the only eigenvalue of T.

Exercise 4. Let T be the linear transformation with matrix
0 01
m(T)={0 0 0}
000

(a) Show that T2 =0.
(b) Apply Exercise 3 to determine the eigenvalues of T.
(c) Find all eigenvectors of T.

§1. Characteristic Equation

a 4@ a4
Given a transformation T with matrix |b, b, b;|, how can we determine
€ 6 G

the eigenvalues of 7? We proceed as we did for the corresponding problem
in two dimensions.
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Assume ¢ is an eigenvalue of T and |, | is a corresponding eigenvector

X3
X, 0 (X, x;)
with | x5 | 4|0 |. Then T{Xx,| = t| X, |, s0
X3 0 X3 X3 |
- 3
a, a az||x X)
bl b2 b3 x2 =t x2
(61 €2 C3)(X3 X3
or

a;x; + a,x, + asx; = tx,,

byx, + byx, + byxy = tx,, H
€)Xy + Xy + C3xy = IX5.
Transposing the right-hand terms, we get
(a, = )x; + ayx, + a3x; =0,
byx, + (by— t)x, + byx; =0, )

c1x; + 3%y + (c3— £)x3=0.

Thus x,, x,, x; is a nonzero solution of the homogeneous system (2). By
Proposition 8 and Theorem 3.4 of Chapter 3.4, it follows that the determi-
nant

a—1 a a,
b, b,—t by |=0. (3)
¢ ¢, c3—t
If the left-hand side is expanded, this equation has the form
=2+ ut+ uyt + uy; =0, 4

where u,, u,, u, are certain constants.
Equation (3) is called the characteristic equation for the transformation 7.
We just saw that if ¢ is an eigenvalue of 7, then 7 is a root of the
characteristic equation of T. Conversely, if ¢ is a root of the characteristic
equation, then (3) holds. Hence, by Proposition 8 of Chapter 3.4, the
system (2) has a nonzero solution x,;, x,, x5, and so (1) also has this
solution. Therefore,

Xy Xy
T{Xy|=t|X,{.
X3 X3

Hence ¢ is an eigenvalue of 7. We have proved:

Theorem 3.8. A real number t is an eigenvalue of the transformation T of R® if
and only if t is a root of the characteristic equation (3).
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Theorem 3.8 appears later.

ExAMPLE 4. Let T have matrix

1 00
-5 2 0}
2 37
The characteristic equation of T is
11—t O 0
-5 2—-t 0 |=0
2 3 77—t

or
(-9

The roots of this equation are 1, 2, and 7, and so these are the eigenvalnes
of T. Let us calculate the eigenvectors corresponding to the eigenvalue 2. If

2;: 72t|=(1-—t)(2—t)(7—t)=0.

Xy
X, | is such a vector, then
X3
I 0 0]fx X, 2x,
=5 2 0|x,{=2[x,| =|2x,].
2 3 T|x, X5 2x,
Then
x; =2x,,

=5x; +2x, = 2x,,
2x; + 3xy + Txy3=2x5.

The first equation gives x, = 0. The second equation puts no restriction on
x,. The third equation yields

= = — 3
SX3 - —3x2 or X3 = §x2 .

Thus an eigenvector of T corresponding to the eigenvalue 2 must have the

0 0
form | *2 |=| 5y |, if we set y = 1x,. Is every vector of this form an
—3x =3y
eigenvector?
1 0 0| O 0 0 0
-5 2 0| 5y |= 10y = |10y |=2| 5y
2 3 7Y 15y — 21y -6y -3y

Thus the answer is yes and we have: a vector is an eigenvector of T with
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0
eigenvalue 2 if and only if it has the form | 5y |. Note that the vectors of
-3y
0 . . .
this form fill up the line {y| 5 ||y in R}, which passes through the origin.
-3

Exercise 5. Find all eigenvectors corresponding to the eigenvalue 1 for the tran;fc-)r-
mation T of Example 4. Show that these vectors fill up a line through the origin.

ExampLE 5. Fix 8 with 0 < 8 < 27. R} is the transformation of R® which
rotates each vector by 6 degrees around the positive x;-axis. Find all
eigenvalues of R;. We have
cos§ —sinf 0
m(R; )= |sinf cos@ O,
0 0 1
so the characteristic equation is

cosf —t —sinf 0 0 0 1—1¢
sin cosf — ¢t 0 |=—| sind cosf — ¢t 0
0 0 1—1¢ cosf —t —sinb 0
= —(1- 5[~ (sinf)’ = (cos6 — 1)’]

=0.
If ¢ is a real root, then either 1 — 1 =0 or (sinf)*+ (cosf — £)* = 0. The
second equation implies that sinf = 0 and cosf = ¢.

Case 1: 6+ 0,7. In this case, r =1 is the only root of the characteristic
equation, and so 1 is the only eigenvalue. If X lies on the x5-axis, evidently
T(X)=X=1-X, so the x;-axis consists of eigenvectors with eigenvalue 1.
There are no other eigenvectors.

Case 2: § =0. In this case, Ry = 1, so | is the only eigenvalue and every
vector in R® is an eigenvector corresponding to this eigenvalue.

Case 3: § = m. The characteristic equation of R? is
(AI-0(-1-1’=0

with roots 1 = 1 and r = — 1, so the eigenvalues of R are 1 and — 1.

Exercise 6. Find the eigenvectors of R, which correspond to the eigenvalue — 1.
Describe, in geometrical terms, how R>X is obtained from X if X is any vector.
Then explain, geometrically, why 1 and — 1 occur as eigenvalues of R3.

Now let 4 be a given linear transformation and let

-P+a’+bt+c=0
be the characteristic equation of A.
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Define f(r) = — £ + at> + bt + c. Then f is a function defined for all real
t. The equation f(f) = 0 must have at least one real root ¢,. To see this, note
that f(#) <0 when ¢ is a large positive number, while f(r) > 0 when ¢ is a
negative number with large absolute value. Therefore, at some point ¢,, the
graph of f must cross the r-axis. Dividing f(¢) by ¢ — ¢, we get a quadratic
polynomial — ¢? + dt + e, where d and e are certain constants. Thus

f() == t)(— 1>+ dt + e).
The polynomial g(f) = —t2 + dt + e may be factored
g()=—(—-n)(t- 1)

where ¢, t, are the roots of g, which may be real or conjugate complex
numbers. We can distinguish three possibilities.

(i) ¢, t, are complex numbers, ¢, = u + iv, t, = u — iv, with v = 0. Then
f(¢) = 0 has exactly one real root, namely, ¢,. In this case, the graph of
f appears as in Fig. 3.14.

ExAMPLE 6. For 4 = R;), we found in Example 5,

ftty= (1= 1)[ = (sinf)’ - (cos — 1)’].

Here g(f) =[—(sin8)? — (cosf — £)?] = — 12 + 2(cosf)t — 1. If § #0 or =,
then g has no real roots, so possibility (i) occurs.

(ii) t, and t, are real and t, = t,. If t, = t; =t,, then f(t) = 0 has a triple
root at t,. The graph of f now appears as in Fig. 3.15. If ¢, # ¢, then
f has one simple real root, t,, and one double real root, t; = t,. The
graph of f appears as in Fig. 3.16.

\

Figure 3.14
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lo

Figure 3.15

ExAMPLE 7. For 4 = R?, we found

f(=(1=n(=1-1),
s0 to=1, ;= t, = —1, and possibility (ii) occurs.
For A = D,, we have
A-=t 0 0
0 A-¢r 0
0 0 A-¢

f(1)= ==}

SOfy=1t=1t=A.

Figure 3.16
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Figure 3.17

(iii) ¢, and ¢, are real and ¢, # t,. If ¢, = ¢y or t, = t,, the situation is as in
case (ii). If ¢, # t, and 1, # 1;, then the equation f(#) = 0 has the three
distinct real roots #y, ¢,, and t,. The graph of f now appears as in Fig.
3.17.

ExaMpLE 8. The transformation T of Example 4 had 1, 2, and 7 as the roots
of its characteristic equation and, so, illustrated case (iii).

Let us summarize what we have found. Using Theorem 3.9 we can
conclude:

Proposition 1. If A is a linear transformation of R3, then A always has at least
one eigenvalue and may have one, two, or three distinct eigenvalues.

Exercise 7. Find all eigenvalues and eigenvectors of the transformation whose

0 0 2
matrixis{Q 1 0]
1 00

c 0 b
Exercise 8. Let 7 be the transformation with matrix (0 ¢ 0).
0 0 ¢

(i) Find the characteristic equation of T.
(ii) Show that c is the only eigenvalue of T.
(iii) Show the eigenvectors of T corresponding to this eigenvalue fill up a plane
through 0, and give an equation of this plane.
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Exercise 9.

(i) Find the characteristic equation for the transformation with matrix

0o 1 O
0 0 1]
a, a, a

(ii) Show that given any three numbers a, b, c, there is some linear transformation
of R?® whose characteristic equation is — > + at> + bt + ¢ = 0.

Let 4 be a linear transformation of R* and let 7 be an eigenvalue of 4. By
the eigenspace E, we mean the collection of all eigenvectors of 4 which
correspond to the eigenvalue ¢.

EXAMPLE 9. Let P be the linear transformation which projects each vector
on the plane 7 through the origin. Then for each vector X in 7, P(X) = X,
while for each X perpendicular to 7, P(X) = 0. P has no other eigenvectors.
Hence, here E, = the plane 7, E, = the line through 0 perpendicular to 7.

Let 4 be an arbitrary linear transformation of R® and ¢ an eigenvalue of
A. If X is a vector belonging to the eigenspace E,, then 4 (X) = X. Hence,
for each scalar ¢, A(cX)= cA(X)= ctX = t(cX), and so cX is also in
E,. Thus E, contains the line along X. If E, is not equal to this line, then
there is some Y in E, such that X and Y are linearly independent. For each
pair of scalars ¢, ¢,, A(c, X+ c,Y)=cAX) + c,A(Y) = ¢t X + c,tY
= t(¢,X + ¢,Y). Thus ¢, X + ¢,Y is in E,. So the entire plane

{(e:X+ c;Y)| ¢y c,in R}

is contained in E,. If E, does not coincide with this plane, then there is
some vector Z in E, such that X, Y, Z are linearly independent. By
Proposition 1 of Chapter 3.0, {¢,X + ¢,Y + ¢;z] ¢}, ¢;, ¢, in R} is all of R®
and this set is contained in E,. So, in that case, E, = R>. We have shown:

Proposition 2. If A is a linear transformation of R’, each eigenspace of A is
either a line through the origin, or a plane through the origin, or all of R®.

§2. Isometries of R

In Chapter 2.5 we found all the length-preserving linear transformations of
the plane. They turned out to be the rotations and reflections of the plane.
Let us try to solve the corresponding problem in 3-space.

A linear transformation T of R*® which preserves lengths of segments is
called an isometry. Exactly as in R?, we find that T is an isometry if and
only if

I T(X)| = |X| for every vector X. (%)
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Proposition 3. An isometry T preserves the dot product, i.e., for all vectors
X, Y,

T(X)  T(Y)=X-Y.

PRrOOF. Since (5) holds for each vector,
ITX = V)P =X - Yp

or
(TX=Y)(T(X-Y)) = (X-Y) (X~ V).
So
(TX) = T(Y)) - (T(X) - T(Y)) = (X - Y) - (X - Y)
or

T(X) - T(X)—-2T(X)- T(Y) + T'Y)- T(Y)=X-X-2X-Y+Y-Y.
Again by (5), T(X) - T(X) =X X and similarly for Y, so cancelling we get
—2T(X)- T(Y)= —2X - Y,

and so
TX)- T(Y)=X"Y.

Proposition 4. If T is an isometry of R, then T has 1 or — 1 as an eigenvalue
and has no other eigenvalues.

PRrOOF. Every linear transformation T of R has an eigenvalue 1, so for
some vector X # 0, T(X) = ¢X. Then

X| =TX)| = [(X| = |¢]|X], so |f=1.
~ Hence
t=1 or t=-1.

Proposition 5. If T is an isometry of R®, then det(T) = 1 or det(T) = — 1.

Note: We write det(T) for det(m(T)), the determinant of the matrix of T.

Proor. Consider the cube Q with edges E,, E,, E;. The vectors T(E,),
T(E,), T(E;) are edges of the image, T(Q), of Q under T. For each i,
|T(E)| = |E,| =1, and for each i, j with i+ j, T(E,)- T(E)=E,;-E;=0.
Thus T(Q) is a cube of side 1. Hence, vol(T(Q)) = 1 = vol Q. Also, by
Theorem 3.6 of Chapter 3.5, vol T( Q) = |det(T)| - vol Q. Hence |det(T)|
=1.SodetT=1ordetT= —1.

One example of an isometry is a rotation about an axis. Fix a vector F
and denote by = the plane through 0 orthogonal to F. Fix a number §. We
denote by R, the transformation of the plane 7 which rotates each vector in



3.6 Eigenvalues 173

Y
: SF
' T(Y)
g
L
" RY)
Figure 3.18

7 counterclockwise by an angle 8 about F. Let Y be any vector in R3. We
decompose Y as
Y =Y+ sF,
where Y’ is the projection of Y on 7 and s is a scalar (see Fig. 3.18). We
now define
T(Y)= Ry(Y’) + sF.

Note that T(Y) lies in the plane through Y perpendicular to F. We call the
transformation T a rotation about the axis ¥ by the angle 8.

Exercise 10. Prove that T is a linear transformation of R*> and that T(F) = F.

For each Y, |T(Y)|* =|Ry(Y") + sF> = (Ry(Y') + sF) - (Ry(Y') + sF) =
|Ry(Y)|> + s*|F|% since Ry(Y’) is orthogonal to F. Also, |Y)* = |Y'|* + s2|F%
Since R, is a rotation of 7, |Ry(Y")| = |Y’|, and so |T(Y)|* = |Y|>. Thus T is
an isometry.

Now choose orthogonal unit vectors X, X, in « such that X; X X, =F.
Then the triplet X, X,, F is positively oriented. The triplet of vectors T(X,),
T(X,), F is also positively oriented, and so T preserves orientation. The
proof is contained in Exercise 11.

Exercise 11.

(a) Express T(X;) and T(X,) as linear combinations of X, and X, with coefficients
depending on 6.

(b) Compute (T(X,) X T(X,))-F and show it equals (X, X X,)-F and hence is
positive. Thus T preserves orientation.

(c) Using Theorem 3.5 of Chapter 3.5, conclude that det T > 0.

Since T is an isometry, det7 = *1 and so, since detT >0, det7T = 1. In
sum, we have proved:
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Proposition 6. If T is a rotation about an axis, then T is an isometry and
detT =1.

What about the converse of this statement? Suppose T is an isometry
with det T = 1. Let F be an eigenvector of T with |F| =1 and T(F) = (F. By
Proposition 4, we know that 1 = +1. We consider the two cases separately.
Let us first suppose ¢ = 1. Then

T(F) =F.

Let 7 be the plane orthogonal to F and passing through the origin. If X is
a vector in ,

T(X)-F=T(X)- T(F)=X-F=0,

so T(X) is orthogonal to F. Hence T(X) lies in #. Thus T transforms # into
itself (see Fig. 3.19). Let us denote by T, the resulting transformation of the
plane 7. T, is evidently a linear transformation of # and an isometry of «
since T has these properties on R®. In Chapter 2.5 we showed that an
isometry of the plane is either a rotation or a reflection. Hence either T, is a
rotation of 7 through some angle 8 or T, is a reflection of 7 across a line in
o through the origin.

Case I: T, is a rotation of = through an angle . By the discussion
following after Proposition 5, we conclude that T is a rotation of R? about
the axis F.

Case 2: T, is a reflection across a line in 7. In this case there exist nonzero
vectors X,, X, in 7 with T,(X,) =X, T,(X,;) = —X,, and we can choose

Figure 3.19
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these vectors so that the triplet X,, X,, F is positively oriented. Also,
T(X,) = T,(X,)=X, and T(X,) = T,(X,) = —X,, so the triplet T(X,),
T(X,), T(F) is the triplet X,, —X,, F which is negatively oriented. But
detT =1 by hypothesis, and so we have a contradiction. Thus Case 2
cannot occur. We conclude: If ¢t =1, then T is a rotation about an axis.

Now let us suppose that = — 1, so T(F) = —F. We again form the plane
« orthogonal to F and the transformation 7,, of = on itself. As before, T, is
either a rotation of « or reflection in a line of 7.

Suppose T, is a rotation of # by an angle §. Choose orthogonal unit
vectors X, X, in 7 such that X, X,, F is a positively oriented triplet. Then
the triplet T, (X,), T, (X,), F is again positively oriented.

Exercise 12. Prove this last statement by calculating (7,(X;) X T,(X;)) - F and
showing that it is positive.

It follows that the triplet 7, (X,), 7,(X,), —F is negatively oriented. But
this is exactly the triplet T(X,), T(X,), T(F). Since X, X,, F was a
positively oriented triplet, this contradicts the fact that det 7 = 1. Hence T,
is not a rotation of « so it must be a reflection of 7. Therefore we can find
orthogonal unit vectors X, X, in 7 with T,(X)) = —X,, T, (X,) = X,. Now
consider the plane n' determined by the vectors F and X, (see Fig. 3.20).
We note that since T(F) = —F and I(X))=T,(X,)= —X,, T coincides on
the plane 7’ with minus the identity transformation. Thus T rotates the
vectors of 7’ by 180° about the X,-axis. Also, T(X,) = T.(X,) = X,. Hence
T acts on R? by rotation by 180° about the X,-axis.

In summary, we have proved:

Theorem 3.9. Let T be an isometry of R® and let det T = 1. Then T is rotation
about an axis.

|
|
|
|
Y 7(F) =_F

Figure 3.20
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Let S and T be two isometries of R®. What can be said about their
product ST?

Exercise 13.

(a) If S and T are isometries, then ST and TS are also isometries.
(b) If S is an isometry, then S ~' also is an isometry.

Exercise 14. If S is rotation about an axis and T is rotation about a possibly
different axis, then ST is rotation about an axis.

Note: If the axes for S and for T are distinct, our conclusion that ST is again a
rotation about some axis, though correct, is by no means evident.

Exercise 15. Let S be rotation by 90° about the x3-axis and T be rotation by 90°
about the x;-axis. Find the axes for the rotations ST and TS.

Exercise 16. Let T be an isometry with detT = —1.

(a) Show that — T is a rotation.
(b) Conclude that T is the result of first performing a rotation and then reflecting
every vector about the origin.

§3. Orthogonal Matrices

In Chapter 2.5, we found that a 2 X 2 matrix m is the matrix of an isometry
if and only if it has one of the following forms:

. cosf —sin 0)
M ( sin@ cosf /)’
. cosf siné )
(1) ( sinf —cos@/

Note that in each case the columns are mutually orthogonal unit vectors R?.
It turns out that the analogous statement is true in 3 dimensions. Let
a, a4 Aap3
m=\dy Qxp Adxn|.
a3 a4z 4z

Exercise 17. Assume m is the matrix of an isometry 7.
1 if i=j,
(a) Show T(E,) - T(E) = 1<i,j<3.
0 if i#j,
(b) Show that the columns of m are orthogonal unit vectors in R3.

. . . _ l
Exercise 18. Assume m is the matrix of an isometry. Show that the inverse m

equals the transpose m*.

. . . . . — l — .
Exercise 19. Show that, conversely, if m is a matrix satisfying m ™" = m*, then m is
the matrix of an isometry.
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A matrix m such that

m=!=m* (©)

is called an orthogonal matrix. Exercises 18 and 19 together prove the
following result:

Proposition 7. A 3 X 3 matrix m is the matrix of an isometry if and only if m
is an orthogonal matrix.

Exercise 20. Let R} be rotation around the x;-axis by an angle 8. Let m = m(Ry).
Directly show that m satisfies (6).

Exercise 21. Let T be reflection in the plane x + y + z = 0. Let m = m(T). Directly
show that m satisfies (6).

Exercise 22. Let S be rotation by 180° around the line: x = ¢, y=t z=t. Let
m = m(S). Directly show that m satisfies (6).

Exercise 23. Let m be an orthogonal matrix.

(a) Show that m* is an orthogonal matrix.
(b) Show that the rows of m are orthogonal unit vectors in R?,

Exercise 24. Show that the product of two orthogonal matrices is an orthogonal
matrix.
Exercise 25. Consider the system of equation

anxytapx;+apx;=y,,
anx; + aynx; + apx;=y,, M
az x; + axpx; + aypx; = y;.

Assume the coefficient matrix
apng ap ap
ay Gy ax
a3 a4z ax

is an orthogonal matrix. Show that, given y,, y,, y;, the system (7) is solved by
setting

Xy =apy,+ayy,+ ay ys,
Xy=apy+apy,+ayy;, €]
X3=apy1+ayy,+asny;.
Exercise 26. Let m be a 3 X 3 matrix. Assume that the column vectors of m are
orthogonal unit vectors. Prove that m is an orthogonal matrix.



CHAPTER 3.7
Symmetric Matrices

In the 2-dimensional case, we saw that a special role is played by matrices

(Z Z) which have both off-diagonal elements equal. The corresponding

condition in 3 dimensions is symmetry about the diagonal. We say that a
matrix is symmetric if the entry in the ith position in the jth column is the
same as the entry in the jth position in the ith column, i.., a; = a; for

all i, j, i

f
Note that this condition does not place any restriction on the diagonal
elements themselves, but as soon as we know the elements on the diagonal
and above the diagonal, we can fill in the rest of the entries in a symmetric
matrix:

If the following matrix is symmetric,

2 -1
7 0
z 3

c
e

o QO

a, a;; ap
ap, Gy Aaxy| Q)

a3 A3 Q4s;

o o8

1
x

Y

thenx=2,y=—-1,z=0.

We may express the symmetry condition succinctly by using the notion
of transpose. Recall that the transpose m* of a matrix m is the matrix whose
columns are the rows of m. Thus a matrix m is symmetric if and only if

m* = m.
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Exercise 1. For which values of the letters x, y, z, will the following matrices be
symmetric?

1 21
@ilx 2 1}
y z 4
2 5 2
®lx 1 y)
2 4 0
x 5 2
©1l5 y 1}
2 1 2
1 x 3
@y 2 4}
3 z 6
1 y 4
© 13 x 5/
4 6 :

Exercise 2. Show that every diagonal matrix is symmetric.

Exercise 3. Show that if 4 and B are symmetric, then 4 + B is symmetric and c4 is
symmetric for any c.

Exercise 4. True or false? If a and b are symmetric, then ab is symmetric. (Show
that (ab)* = b*a*).

Exercise 5. Show that if a is any matrix, then the average 1(a + a*) is a symmetric
matrix.

Exercise 6. True of false? The square of a symmetric matrix is symmetric.

Exercise 7. Prove that for any 3 X 3 matrix m, the product m(m*) is symmetric.
(Recall that (mn)* = n*m*.)

- We shall need a general formula involving the transpose of a matrix.
Let a be any matrix.
any G 4y
a=[ay G4y axy|.
a3 a3 asy
Then
ay ay ay
a*=\ay ay; ay|.
413 Gy Az

Lemma 1. Let A be the linear transformation with matrix a and A* the linear
transformation with matrix a*. Then for every pair of vectors X, Y,

AX) Y =X A%(Y). Q)
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X
Xa
X3

Y1
Y2
Y3
apx,+ apx; + apx;
anX) + anx; + ayx;
a3 X + aznx; + ayx;

PrOOF OF LEMMA 1. Set X =

’Y= . Then

)1
Y2
V3

apnx; yy+apXx,y + apx;
=+ayx, ), + apx,y, + ayx;p,. 3)

+ayx, p3 + anx; py + apx;
(X1] [an aa a3 )(»n
X-A%Y)= (x| -|a; axn ay||y,
X3] (913 G a3 )| )s

X1 (anyt aypy,+ ayy;
=|X | @yt any, + ayyp;
X3) @iyt any,+asny;

apX\ 1+ ayx, py + a3 x, ys
tapx,y + anx,y, +apx; ys. 4
tapx;y) + ayx;y; + anx; y;
The first line of the sum (3) is the same as the first column of (4), and
similarly for the other two lines. So the sums (3) and (4) consist of the same
terms in different arrangements, and thus A(X) - Y = X - A*(Y).

AX) Y =

P

An immediate consequence of Lemma 1 is:

Lemma 2. If m is a symmetric matrix, and M is the corresponding linear
transformation, then for all vectors X, Y,

M(X)-Y =X- M(Y). 0)
We saw in Theorem 2.10 in Chapter 2.6, that eigenvectors of a symmetric

2 X 2 matrix corresponding to distinct eigenvalues are orthogonal. We now
prove the analogous result in 3 dimensions.

Theorem 3.10. Let m be a symmetric 3 X3 matrix and let M be the
corresponding linear transformation. Let t,, t, be distinct eigenvalues of M,
and let X,, X, be corresponding eigenvectors. Then X, - X, = 0.

PrOOF.
M(X)) - X, = (4X)) - X, = 1,(X, - Xy),
Xl . M(XZ) = X] . (thz) = tz(xl . X2).

Then by (5),
L(X; - Xp) = (X, - Xy).
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If X, - X, # 0, we can divide by X, - X, and get ¢, = t,, which contradicts
our assumption. Therefore X, - X, = 0.

ExaMpLE 1. Let us calculate the eigenvalues and eigenvectors of the linear
transformation M with matrix

1 1 -1
m=11 0 0 [
-10 O

The characteristic equation of m is
1-¢ 1 -1
1 -t 0
-1 0 —¢

=(1-0nrf-1(-0)—-1(-1)=0

or
-+ 12+2t=0,
ie.,
—((P—1-2)=0.
Since 1> — t — 2 = (¢t — 2)(t + 1), the eigenvalues of m are
t, =0, =2, ty=—1.
Let X; denote an eigenvector corresponding to ¢, for i = 1, 2, 3.
' M(X,) = 0X, =0,

SO setting
x 1 1 —-1)fx 0
xl = y ) 1 0 0 y = 0
z -1 0 0 )|z 0
or
x+y—z=0,
x =0,
- X = 0.
0
Therefore x =0, y =z, so X, =1 is an eigenvector corresponding to ¢,.
1
Similarly, if
X I 1 —-1)x x
X,=1y} 10 0|]y|=2|y|
z -1 0 0 Jlz z

SO



182 Linear Algebra Through Geometry

Setting x =2, wemust take y=landz= —1. Thenx+y—z=2+1+1

2
=4 = 2x, so the first equation is also satisfied. Thus X, =| | ] Similarly
-1
. 1
we find X; = | — ]| is an eigenvector corresponding to 7, = — 1. Each pair
1

of two out of our three eigenvectors

b L)

is indeed orthogonal, as stated in Theorem 3.10.

Note: The eigenvectors corresponding to a given eigenvalue fill a line in
this case. For instance, the set of eigenvectors of m corresponding to ¢, = 2
is the set of all vectors

2 2t
-1 —t
) ] 340
Exercise 8. Find the eigenvalues of the matrix m=| 4 3 (| and find all corre-
0 0 1

sponding eigenvectors.

Every 3 X 3 matrix has at least one eigenvalue, as we showed in Proposi-
tion 1 of Chapter 3.6. However, in general, we cannot say more.

Exercise 9. Give an example of a 3 X 3 matrix having as its only eigenvalue the
number 1 and such that the corresponding eigenvectors make up a line.

For symmetric matrices, the situation is much better, as the following
fundamental theorem shows:

Spectral Theorem in R>. Let m be a symmetric 3 X 3 matrix and let M be the
corresponding linear transformation. Then we can find three orthogonal unit
vectors X,, X,, and X; such that each X, is an eigenvector of M.

PROOF. M has at least one eigenvalue 7,, as we know. Let X; be a
corresponding eigenvector of length 1. Denote by 7 the plane through the
origin which is perpendicular to X;. We wish to show that we can find two
further mutually perpendicular eigenvectors of M lying in 7. We claim that
7 is invariant under M, i.e., that if a vector X is in m, then M(X) also lies in
r (see Fig. 3.21). Suppose X belongs to 7. Then by (5),

M(X)-X, =X M(X))=X-1,X; = ,(X-X)).
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X,

M(X)

Figure 3.21

But X - X, =0, since X lies in 7. Hence M(X) - X, = 0, so M(X) is in 7, and
our claim is proved.
We denote by A the transformation of 7 defined by

A(X) = M(X) for X in .

We shall now go on to show that = may be identified with the plane R?.
Also, when we make this identification, 4 turns into a linear transformation
of R? having a symmetric matrix. Using the results we found in Chapter 2.6,
we shall then find two eigenvectors for this 2 X 2 symmetric matrix and
these will turn out to give the “missing” eigenvectors in R? for our original
transformation M.

Let F,, F, be vectors in 7 which are orthogonal and have length 1. If X
and Y are vectors in 7,

AX) Y=MX)-Y=X-M(Y)=X"-A(Y),
so A satisfies
AX)-Y=X-A(Y) (6)
whenever X, Y lie in 7. Each vector X in 7 can be expressed as
X=xF, + x,F,,

where x, = X - F|, x, = X - F,. We identify X with the vector (i‘) in R?,
and in this way 7 becomes identified with R%. Also, since A4 takzs 7 into
itself, 4 gives rise to a linear transformation A° of R2. For each X = x,F, +
x,F, in 7, A(X) is identified with A°( i;) in R? (see Fig. 3.22). What is the
matrix of 4°? Since 4 (F,) and 4 (F,) lie in 7, we have

A(F,) = aF, + bF,,

A(F,) = cF, + dF,,

wherea=A(F,)) - F,,b=A(F))-F,,c=A(F,)-F,,andd = A(F,) - F,. By
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X

\_/

X X2
*— | — _ — — | — —
AX) Y
of Xa
“(3)
Figure 3.22
(6), we get
b=A(F,) F,=F -A(F,))=c. ©)

Choose X = x F, + x,F, and set
A(X) = x|F, + xJF,.
1
Then Ao(x') =M . Also,
x, x)
A(X) = x;A(F)) + x,4(F,) = x(aF, + bF,) + x,(cF, + dF,)
= (ax, + cxy)F, + (bx, + dx,)F,.

Ao(x,)=(x})=(ax,+cx2 _[a <}[x
x, x) bx, + dx, b d)\x,

: o:.(a ¢\Y_[a b 0
Thus the matrix of A" is ( b d) —( b d)’ because of (7). We note that 4
has a symmetric matrix. By Theorem 2.10, Chapter 2.6, there exist two

. u v .
orthogonal nonzero eigenvectors (ul) and (ul) for A°. Then, for a certain
2

2
of Y _ [
scalar ¢, 4 (uz) = t( u2>‘

The vector U= u,F, + 4,F, in = is identified with (Z;) and A(U) is

Hence,

1
2

identified with AO(:') = t(Z') in R2 Also, fU is identified with z(z ) So
2 2
M(U) = A(U) = tU, and so U is an eigenvector of M lying in 7. Similarly,
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V = o,F, + v,F, is an eigenvector of M lying in 7. Finally,
U-V=(uF, +u,F)  (v,F + 0,F) =upv, +u,= (uz) : (02) =0.

It follows that the three vectors
x. U VvV
I | VR 7

are an orthonormal set in R* consisting of eigenvectors of M.

Note: Although we have just shown that the transformation M has three
mutually orthogonal eigenvectors X, X,, X;, we have not shown that the
corresponding eigenvalues are distinct. Indeed, this need not be the case. If
1 0 OJ
0 1 0]} then M has only two
0 0 2
distinct eigenvalues, 1 and 2, although it has three orthogonal eigenvectors
E,, E,, E;. Here, E, and E, both correspond to the eigenvalue 1, while E,
corresponds to the eigenvalue 2.

M is the linear transformation with matrix

EXAMPLE 2. Let us find all eigenvalues and eigenvectors for the linear
transformation M with matrix

I 05
m=[0 1 3]-
5 31
The characteristic equation is
-+ O 5
0 11—t 3 |=(1-9[(1-1)"=9]+5-51-1)=0
5 3 11—t

or(1-0[(1—-1*-9-— 25]=0. So the eigenvalues are #, = 1 and the roots
of (1 = £)> = 34 =0, which are =1 +34 and ty=1 —\34 . We seek an

x
eigenvector X, =(y) corresponding to r=1. So we must solve
z
x X\ I 0 5|/x x
3= fo 1 3[2)-(2)
z z 5 3 1)\z z
X+ 5z=x,
y+3z=y,

Sx+3y+ z=2z.

The first two equations give z =0. Then the third gives 5x +3y=0.
Hence, x = -3, y =35, z=0 solves all three equations. So we take

X, =
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The plane 7 through the origin and orthogonal to X, which occurred in
the proof of the Spectral Theorem, here has the equation

x -3
ik
z

5 |=-3x+5=0 or y=ix.
By the proof of the Spectral Theorem, we can find in 7 a second eigenvec-

0

x
tor X, of M, corresponding to t, = 1+34. X, = ( y) satisfies

z
y=3x (8)
since X, is on 7. Also,
1 0 5)(x x
M(X2)=(l+\/ﬁ)x2 or [0 1 3|y =(|+‘/§)y,
5 3 1)z z
s0
x+52=(1+\/3—4)x, 9
as well as two further equations. However, Egs. (8) and (9) suffice to give
$O
X X 1
X, = Y= (3/5)x - 3/5

z (m /5)x V34 /5
In particular, taking x = 5, we find
5
X,=|3 |
V34
Each scalar multiple X, is an eigenvector of M corresponding to

L=1 +34. An eigenvector X, corresponding to ¢; =1 —34 will be
orthogonal to both X, and X,, as we know by the Spectral Theorem.
Hence, X, is a scalar multiple of X; X X,.

-3 5 534 5
X, xX,=| 5 (x| 3 |=1]33 =34 3
0 V34 - 34 -\34
5
So we can take X;=| 3 as eigenvector for t;=1— V34

e
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Note: The eigenvectors X,, X,, X; do not have unit length. However, the
vectors X, /|X,|, etc., are also eigenvectors and do have unit length.

Exercise 10. For each of the following matrices, find an orthonormal set X,, X,, X;
in R* consisting of eigenvectors of that linear transformation with matrix m.

-4 00
@m={ 0 2 3)
0 3 2
111
®)ym={1 1 1)
111
(Z 0 o
©m=l0 3 o
(0 0 5

In Chapter 2.7, Theorem 2.11, we showed that if a 2 X 2 matrix m has
two linearly independent eigenvectors corresponding to the eigenvalues 1,
t,, then

m=pdp~",

. : [t O . . . .
where d is the diagonal matrix ( 0‘ ) and p is a certain invertible matrix.

5}
We shall now prove the corresponding fact in R’.

Theorem 3.11. Let M be a linear transformation having linearly independent
eigenvectors X,, X,, X, corresponding to eigenvalues t,, t), ty. Let m be the
matrix of M. Denote by p the matrix (X,|X,|X,) whose columns are the

t, 0
vectors X;. Then p is invertible and, setting d = Ol t, g "
0 0 g4
m = pdp~". (10)
PrOOF. Since X, X,, X; are linearly independent by hypothesis, the matrix
p has an inverse, by (ix), p. 166. We set E, = (1) ,Ey= (]) yEy= (()) .Let P
0 0 1

be the linear transformation with matrix p. Then
P(E)=X,, so MPE)=MX)=1X,.
Similarly, MP(E,) = t,X, and MP(E,) = 1,X,. Also, if D is the linear
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transformation with matrix d,

Similarly, PD(E,) = ,X, and PD(E;) = t;X;. Thus the transformations MP
and PD give the same results when acting on E,, E,, E;, and so MP = PD.
Hence, M = PDP "', and m = pdp~".

Corollary 1. Let m be a symmetric 3 X 3 matrix and let M be the correspond-
ing linear transformation. Let t,, t,, ty denote the eigenvalues of M, and set

t, 0 0
d=|0 t, O|. Then there exists an orthogonal matrix r of R® such that

m=rdr\. (1)

Proor. By the Spectral Theorem, M has eigenvectors X;, X,, X; with
eigenvalues ¢, t,, t such that X;, X,, X, form an orthonormal set in R*. In
particular, X,, X,, X; are linearly independent, and so we can make use of
Theorem 3.11. We set r = (X, |X,|X;). By Theorem 3.11, m = rdr~"'. The
only thing left to prove is that r is an orthogonal matrix. But the columns of
r are orthonormal vectors, so by Exercise 26 of Chapter 3.6, r is an
orthogonal matrix.

1 0 5
ExAMPLE 3. In Example 2, we studied the matrix m = [0 1 3] and found
5 3 1

the eigenvalues 7, =1, t,=1+ V34, ty=1- V34 and corresponding
(normalized) eigenvectors

5 5
3

-3
1 1 _ 1
X,=-L|s| x=-"L|3] x=-"2- :
V34 [0] V68 | Az V68 | _ ;g

_3/3% 5/V&8 5/V68 |
Here r=(X,|X,|Xy)=| 5//3¢ 3//68 3/V68 . Formula (11) gives
0 1/2 -1/\2]
105 1 0 0
01 3|=rl0 1+/34 0 -
531 0 0 1-34 |

~

We note a useful consequence of formula (11).
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Corollary 2. Let m be a symmetric 3 X 3 matrix with eigenvalues t,, t,, t3.
Let r be the matrix occurring in (11). Then for each positive integer k,

tf 0 0
(m¥*=r{0 & olr". (12)
0 0
1 05
Exercise 11. Use (12) to find m>, where { 9 1 3| is the matrix of Example 3.
531

Exercise 12. For each of the matrices m in Exercise 10, obtain the form (11).



CHAPTER 3.8
Classification of Quadric Surfaces

A quadric surface is the 3-dimensional generalization of a conic section.
Such a surface is determined by an equation in the variables x, y, z so that
each term is of second degree; for example,

x4 2xy +322=1.
The general form of the equation of a quadric surface is
ax? + 2bxy + 2cxz + dy* + 2epz + fzr =1, )

where the coefficients a, b, c, d, e, and f are constants. We would like to
predict the shape of the quadric surface in terms of the coefficients, much
in the same way that we described a conic section in terms of the
coefficients of an equation
ax* + 2bxy + cy2 =1

in two variables.

As in the 2-dimensional case, we may use the inner product and a
symmetric matrix in order to describe the quadric surface. We may then
use our analysis of symmetric matrices in order to get a classification of the

associated quadric surfaces.
We denote by A the linear transformation with matrix

a b c x
m=|b d el and X=|y
c e z
so that
ax + by + cz

AX)=|bx +dy + ez
cx+ey+ fz
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and
X -AX)= ax? + byx + czx + bxy + dy* + ezy + cxz + eyz +sz
= ax? + 2bxy + 2cxz + dy> + 2epz + fz2.
We can therefore express relation (1) as
X-AX)=1

Observe that m is a symmetric matrix. Consider some examples: If m is a
diagonal matrix so that
a 00
0 4 0},

00 f

m=

then the equation has the form
ax?+ dy? + f22=1.
If a=d=f=(1/r)* for some r > 0, then the equation becomes
X2+ P+ 22=1r2
and this is a sphere of radius r.
If a, d, and f are all positive, then we may write

1\ 1)’ 1)
= —_— =d= — N d = — N
=(a)=a=(5)> = =(5)

and we have the equation

2 2 2
L+ v o

a2 ,82 Y
This gives an ellipsoid with axes along the coordinate axes of R>.
If a and d are positive and f is negative, then

o= () a=(5)

and f= —1/y? for some a, B, y; so the equation becomes
2 2 2
X Yoozt _
St s 5=L
at BTy

This is a hyperboloid of one sheet.
If a >0, butd <0, f<O0, then

a=(i—)2, d=—(?35)’ f=_(l2) for some aq, B, 7,

so the equation becomes

This is a hyperboloid of two sheets.
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If a<0, d<0, f<O, there are no solutions, since the sum of three
negative numbers can never be 1.

What if one or more of the diagonal entries are zero? If f= 0, we have
ax?+ dy? =1, and this is either an elliptical cylinder (if a >0, d >0), a
hyperbolic cylinder (if a > 0, d <0), or no locus at all if a <0, d <0.

If f=0and d =0, and a > 0, then we have ax® = 1, and this is a pair of
planes x = +1/\a.

If a = 0= d = f, we have no locus.

This completes the classification of quadric surfaces corresponding to
diagonal matrices.

What if the matrix m is not diagonal, or, in other words, if one of the
cross-terms in Eq. (1), 2bxy, 2cxz, 2eyz, is nonzero?

u
In this case, we shall introduce new coordinates (u) for each vector
w

X
( y) in such a way that, expressed in terms of u, v, w, Eq. (1) takes on a
z

simpler form. Recall that by formula (11) of Section 3.7, there exists an
orthogonal matrix r such that

m=rdr~!,
t, 0 0
where d=|0 ¢, 0] is the diagonal matrix formed with the eigenvalues
0 0 4

t,, by, t; of A. In other words, we have
A=RDR™, )

where R and D are the linear transformations whose matrices are r and d.
Note that since r is an orthogonal matrix, R is an isometry.

x u
If x=(y) is any vector, let U=(u

) be the vector defined by
z

w
U=R"'(X). (3a)

We regard u, v, w as new coordinates of X. Then
X = R(U). (3b)

By (2), A(X) = (RDR ~")X) = RD(U), so X - A(X) = R(U) - R(D)).
Since R is an isometry, the right-hand side equals U-D(U)=

{ 0 0
(g) 0t 0 (ﬁ) = t,u* + 1,0° + t;w?. Expressing X - A(X) in terms
w w

0 0 1

of x, y, z, we get:
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Theorem 3.12.
ax® +2bxy + 2cxz + dy? + 2epz + frl = tjut + 1,7 + 1wt (4)

The quadric surface defined by (1) thus has, as its equation in u, v, w,

Ll + o’ + tw?=1. (5)

u x
Note: The new coordinates (v) of a vector X=( y) are actually the
w z

coordinates of X relative to a system of orthogonal coordinate axes. Since R
is an isometry, the vectors R(E,), R(E,), R(E;) are three mutually orthogo-
nal unit vectors in R>.
U= (g) = uE, + vE, + wE,,
w
$O

u . .
Thus ( v) are the coordinates of X in the system whose coordinate axes lie
w

along the vectors R(E,), R(E,), R(E,).

EXAMPLE 1. We wish to classify the quadric surface
x4+ 2xy —2xz=1.
1 1 -1
The corresponding symmetric matrix m here is 1 0 0
-1 0 0
ple 1 of Chapter 3.7, the eigenvalues of m are #, =0, t, = 2, ty=—1 We

introduce new coordinates u, v, w as described above. By (5), we find that
an equation for X in the new coordinates is

. By Exam-

20— w=1, (6)
Hence 2 is a hyperbolic cylinder.

u
Question: How do we express the new coordinates (v) of a point
w

X
X= ( y) in terms of the original coordinates here? We found in Example 1,
z

Chapter 3.7, that the normalized eigenvectors of the matrix m =
I 1 -1

1 0 o0 ] are

-1 0 0

0

X, = 1
1

Ll o x=L|7]| x-2[1]
2 SR U B O
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By the way the matrix r occurring in (11) of Chapter 3.7 was obtained, we
now have

0

|- Fe

L
2
L
|2

Since r is an orthogonal matrix, we have

ﬁll—' sll_&ll"‘

=l

0

&= &=
-

& |~

= Bl

-
-

S

X u
y) are its old coordinates and (o) its new coordi-
z w

If X is any vector, (

nates, then by (3a),

.

N

u

w

.

=R—]

z

. J

N

0

2
V6
L

3

1
i
1
%
L

BB

[\S)

|- -

|

(™)

Equations (7) allow us to calculate the new coordinates for any given vector

x
(>
z

) in terms of x, y, and z.

Exercise 1. Classify the quadric surface:
x% 4+ 10xz + y* + 6yz + 22 =1

(see Example 2, p. 197).

Exercise 2. Find an equation in new coordinates of the form
A,uz + AzUz + }\3W2'= 1

for the quadric surface —4x? +2y* +3yz + 2z = 1.
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So far, we have been looking at surfaces with equation (1):
ax? + 2bxy + 2cxz + dy? + 2eyz + fz% = 1.

If we replace the constant 1 by the constant 0 in this equation, we get the
equation

ax? + 2bxy + 2cxz + dy* + 2eyz + fz* = 0. (8)
(We exclude the case when all the coefficients equal zero.) What kind of
locus is defined by this equation?

EXAMPLE la. x? + y* + z2 = 0. This equation defines a single point, the
origin.

EXAMPLE 1b. x? + y* — z2 = 0. This defines a (double) cone with axis along
the z-axis and vertex at the origin.

EXAMPLE Ic. y? + z? = 0. This defines a straight line, the x-axis.
EXAMPLE 1d. x = 0. This defines a plane: x = 0.

Have we exhausted all the geometric possibilities by these examples?
Let X denote the locus in R* defined by equation (8). Using Theorem 3.12,
we see that in suitable new coordinates u, v, w, equation (8) can be written

tiu? + t,07 4 tyw? =0, 9

where ¢, t,, t, are fixed scalars.
Case 1.t; >0,¢,>0,¢, > 0.

Clearly then, only u = v = w = 0 satisfies equation (9), so X consists of
one point, the origin.

Case2.t,>0,1,>0,t, <O.

We write t; = —k with k > 0. Then, (9) becomes
tu® + 5,0 =kw? or s,u? + 5,0 = w2,

where s,, s, are positive constants. It follows that, in this case, X is an
elliptic cone, with the axis along the w-axis and the vertex at the origin.
The slice of X by the plane: w = w, where Wop is a constant # 0, is the
ellipse: s, u? + 5,v> = w? in that plane (see Fig. 3.23).

Exercise 3. Examining the remaining cases, where each t; is either positive, nega-
tive, or zero, shows that the only geometric possibilities for T, other than those in
Cases 1 and 2 are:
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Figure 3.23

(a) a straight line through the origin;

(b) a plane through the origin; and

(c) a pair of planes, each of which passes through the origin.
Exercise 4. Describe the locus with the equation,

x? —4y? —4yz — 22 = 0.



CHAPTER 4.0
Vector Geometry in n-Space, n > 4

§1. Introduction

In the preceding chapters, we have seen how the language and techniques
of linear algebra can unify large parts of the geometry of vectors in 2 and
3 dimensions. What begins as an alternative way of treating problems in
analytic geometry becomes a powerful tool for investigating increasingly
complicated phenomena, such as eigenvectors or quadratic forms, which
would be difficult to approach otherwise.

In the case of 4 dimensions and higher, linear algebra has to be used
almost from the very beginning to define the concepts that correspond to
geometric objects in 2 and 3 dimensions. We cannot visualize these higher-
dimensional phenomena directly, but we can use the algebraic intuitions
developed in 2 and 3 dimensions to guide us in the study of mathematical
ideas that are not easily accessible. Many of the algebraic notions that we
have used in lower dimensions can be transferred almost without change
to dimensions of 4 and higher, and we will, therefore, continue to use
familiar geometric terms, such as “vector,” “dot product,” “linear indepen-
dence,” and “eigenvector,” when we study higher-dimensional geometry.
For convenience, we will restrict most of our examples to 4 dimensions,
but the same calculations work in n dimensions for n > 4.

§2. The Algebra of Vectors

A vector in 4-space is defined to be a 4-tuple of real numbers [x,, x,,
X3, X4 ], with x; indicating the coordinate in the ith place. We denote this
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vector by a single capital letter X, ie., we write X = [x,, x,, X3, x,]. The
set of all vectors in 4-space is denoted by R*. In a similar way, we denote
by R" the set of all vectors in n-space, where each vector X is an n-tuple of
real numbers X = [x,, x,,..., x,]. We will sometimes write a vector as a
row of real numbers rather than a column, when no confusion can arise.
It is not easy to “picture” the vector X as an arrow beginning at the
origin and ending at a point in 4-space or n-space. Nonetheless, the
power of linear algebra is that it enables us to manipulate vectors in
any dimension by using the same rules for addition and scalar multi-
plication that we used in dimensions 2 and 3. In R", we add two vectors
by adding their components, so if X = [x,, x,,...,x,] and U = [uy, uy,
U], then X +U=[x; =u;,x; +uy,...,x, +u,]. We multiply a
vector by a scalar r by multiplying each of the coordinates by r, so rX =
[rxy, rx,, ..., rx,].

In 4-space, we set E; =[1,0,0,0], E, =[0,1,0,0], E, =[0,0,1, 0],
E, =[0,0,0,1], and we call these the four basis vectors of 4-space. The
first coordinate axis is then obtained by taking all multiples x,E, =
[x1,0,0,0] of E,, and the ith coordinate axis is defined similarly for each
i =2, 3, 4. Any vector in 4-space may be uniquely expressed as a sum of
vectors on the four coordinate axes X = x,E; + x,E, + x;E; + x,E,.
Similarly, any vector in n-space can be expressed as a linear combination
of the n basis vectors E;, where E; has a 1 in the ith position and 0
elsewhere. Any vector X in R" can then be uniquely written as X =
x;E; + x,E; + - + x,E,.

In dimension 3, we described x,E; + x,E, + x;E; as a diagonal seg-
ment in a rectangular prism with edges parallel to the coordinates axes.
We drew a picture that was completely determined as soon as we chose a
position for each of the basis vectors. We can do the same thing in the
case of a vector in 4 dimensions, although it is not so immediately clear
what we mean by the analog of a 4-dimensional rectangular parallelepiped
or its n-dimensional counterpart. The basic insight that enables us to
represent a vector on a 2-dimensional page is that we can determine the
picture of any vector once we have the pictures of the basis vectors. Once
we know the picture of E;, we can find the picture of x,E, simply by
stretching it by a factor of x,. Once we know the pictures of x,E; and
x,E,, we can obtain a picture of x, E, + x,E, just by finding the diagonal
of the parallelogram they determine in the plane. We can then get a
picture of x, E, + x,E, + x3E, just by taking the diagonal of the parallel-
ogram formed by the pictures of x, E; + x,E, and x;E;, and similarly for
x,E; + x,E; + x3E; + x,E, (see Fig. 4.1). We may continue this process
all the way to x,E; + x,E; + - + x,E,.

The line through X parallel to the non-zero vector U is defined to be
the set of all vectors of the form X + tU for all real numbers ¢.

Exercise 1. Let X =[1,2,0, —1] and U =[1, 1, 1, 2]. Find the intersection of the
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line through X parallel to U and the set of all vectors that have fourth coordi-
nate 0.

Exercise 2. Show that the line of Exercise 1 is the same as the line through
Y =[3,4,2, 3] parallel to V=[-2, —2, —2, —4]. (Show that every vector of the
form X + tU can be written in the form Y + sV for some choice of s, and
conversely, that every vector of the form Y + sV can be written in the form
X + tU for some t.)

Exercise 3. Show that the line of Exercise 1 meets the line through Z = [0, 1, 2, 0]
parallel to W =[—1, —1, —4, —5] at exactly one point. (Find ¢t and s such that
X + tU = Z + sW, and explain why there is only one such pair of scalars.)

Exercise 4. In R®, find the coordinates of the point on the line through X =
[1,2, 3,4, 5] parallel to U =[5, 4, 3, 2, 1] that has its last coordinate equal to 0.

As in the case of R? and R3, vectors in R* and R" satisfy the following

algebraic properties: For all vectors X, Y, U and all scalars r and s, we
have

@X+Y)+U=X+(Y+ )

b)X+U=U+X

(c) There is a vector 0 with X + 0 = X for all X.

(d) For each X, there is a vector —X with X + (—X) =0.
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€ (r + )X =rX + sX.
) r(s(X)) = (rs)X.

g rX+U)=rX+rU.
(h) 1X = X for all X.

As in previous chapters, these properties may be verified componentwise.

We may use the properties of addition and scalar multiplication to
define the notion of the centroid of a collection of vectors in R* or R". As
before, we define the midpoint of a pair of vectors X and U to be
C(X, U) = (X + U)/2 and the centroid of a triplet of vectors X, Y, U to be
CX,Y,U) =(X + Y + U)/3. Similarly, for any r-tuple of vectors X,, X,,
..., X, in R", we define the centroid to be C(X;, X,, ..., X,) = (X, + X, +
4+ X))/

ExampLE. C(E,,E,, E;, E,) =[1,1,1,1]/4 =4, 4,4 1]

Recall that, in elementary geometry, the centroid of a triangle can be
found by going two-thirds of the way from a vertex to the midpoint of the
opposite side. In vector form, this is equivalent to the statement that

CX, Y,U)=(3)X + (3)C(Y + U). A simple substitution shows that this is
indeed correct.

Exercise 5. Show that the centroid of the tetrahedron determined by the four
points X, Y, U, V is three-fourths of the way from the vector V to the centroid of
X, Y, and U.

Exercise 6. Show that the centroid in Exercise 5 is the midpoint of the centroids
C(X, Y) and C(U, V).

Exercise 7. Find a number ¢ such that the centroid of E,, E,, E;, E,, and
tE, +E,+E;+E,)is 0.

Exercise 8. Show that the centroid of X, Y, Z, U, V is three-fifths of the way from
the midpoint of U, V to the centroid of X, Y, Z.

§3. Dot Product, Length, and Angle in R* and R"

In 4-space, we may define the length of the vector X = [x;, X,, X3, X4] to
be /(x} + x3 + x3 + x3). In general, in R", we may define the length of
any vector to be the square root of the sum of the squares of its
coordinates. We denote this length by |X|, a real number, which is never
negative, and which equals 0 if, and only if, X = 0. Moreover |rX| = [r]|X]
for any scalar r and any vector X. If X # 0, then we may write X = |X|U,
where U = X/|X| is a vector with unit length. The vectors of length 1 in
R* determine the unit sphere in R*, and more generally, the vectors of
length 1 in R" determine the unit sphere in R".
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Exercise 9. Show that for any choice of angles a and b, the vector U=
(1/\/5) [cos(a), sin(a), cos(b), sin(b)] is a unit vector in R*.

Exercise 10. Show that for any choice of angles a, b, and c, th‘e vector U =
[cos(a) cos(c), sin(a) cos(c), cos(b) sin(c), sin(b) sin(c)] is a unit vector in R4,

Exercise 11. Show that for any choice of angles a, b, and ¢, the vector U =
[cos(a) cos(b) cos(c), cos(a) cos(b) sin(c), cos(a) sin(b), sin(a)] is a unit vector in R4,

Exercise 12. Find the length of the vector cos(a)E, + sin(a)E, + 2 cos(b)E; +
2sin(b)E, + 3E5 in R® and express this vector as a scalar multiple of a unit
vector.

Definition. Five points in R" are the vertices of a regular 4-simplex if the
distance between any two points is the same.

Exercise 13. Find a number ¢ such that the points E,, E,, E;, E,, and t(E, +
E, + E; + E,) form the vertices of a regular 4-simplex.

Exercise 14. Show that the endpoints of the five basis vectors in R® form the
vertices of a regular 4-simplex.

Exercise 15. Show that for any s, the vector sE, has the same distance from the
four points [1,1,1,0], [1, -1, -1,0], [—1,1, —1,0], and [—1, —1, 1,0]. For
which s will these five points form the vertices of a regular 4-simplex?

Exercise 16. Show that the distance between any two of the six vectors E; + E,,
E, +E;,E, +E,E, + Ey, E, + E,, E; + E, is either 2 or /2.

As in dimensions 2 and 3, we may define a notion of dot product in R*
or R", which enables us to develop many important geometric ideas in
linear algebra. In R*, we define X U = [x,, x,, X3, X4 1 [uy, s, 3, u,] =
XUy + XU, + X3u3 + x,u, and, more generally, in R", we define X -U =
[x15 %35 ooy X1 DUy, g, ooy u,] = Xquy + Xouy + -+ + x,u,. As before,
1X] =\/i-X, and |X| =0 if and only if X =0. Moreover, |X|* + |U|?
=|X + UJ? if, and only if, X-U = 0. Thus, the vectors X and U form
the legs of a right triangle if and only if X-U = 0, so the condition that
X and U be perpendicular or orthogonal is that their dot product is
Zero.

In R3, the set of vectors perpendicular to a fixed non-zero vector form a
plane. In R* or R", the vectors orthogonal to a fixed non-zero vector form
a hyperplane. For example, in R?, the set of vectors orthogonal to E, is
the hyperplane of all vectors with fourth coordinate zero.

Exercise 17, Describe the hyperplane in R* consisting of all vectors that are
orthogonal to the vector E, + E, — E; — E,.

Using componentwise arguments, we may establish the following proper-
ties of the dot product for any vectors X, U, V and any scalar r:
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Figure 4.2

U-X=X:1,
(rX)-U=r(X-1),
X-U+V)=X-U+X-V.
As in dimensions 2 and 3, we wish to define the angle between two

vectors in such a way that the law of cosines will hold, i.e., for any two
nonzero vectors X and U (see Fig. 4.2), we wish to have

X — UP = |X]* + |UP? - 2|X| |U| cos¥.
But by the properties of dot product, we have
X-UPfP=(X-U)-X-U)=X-X-2X-U+U-U,
sO
X -UP=|X*+|UP-2X-U.
We would then like to define cos@ by the condition
|X||Ulcos§ =X-U and 0<8<,

but to do this, we must have |[cosf| < 1, i.e., cos?d < 1. Thus we must show
that for any nonzero X and U, we have

XU )’ <1
( X]- U]
(This inequality is known as the Cauchy—Schwarz Inequality.)
One case is easy: If U= X for some ¢, then
X-U_X- X _X-X_¢

X[TO] ~ XITX]  exp - 147

and —1< t/|t] < 1,since t/|f|=1if t >0and t/[t| = —1if t <O.

If U — ¢X # 0 for all ¢, then we can use the quadratic formula to provide
the proof. We have

0< U= XP=(U-iX)-(U-1X)=(U-U)-2(U-X)r + (X-X)r*
for all ¢. But if (U-X)?— (U- U)X - X) were positive or zero, we would
have solutions ¢ of the equation

0=(U-U)—2(U-X)t + (X X)7,
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given by

—(—2U-X) £4/4(U - X)’ = 4(U - U)(X - X)
= 2(X-X) '
Since we cannot have any such solutions, we must conclude that

(U-X)’<(U-U)(X-X)

ie.,
(U-X)’
[UPX[?
We then define # by the equation
cos0=%'l%| for 0<O<m.

If U=rX for t >0, then cosf =1 and §=0. If U= X for ¢ <0, then
cosfd=—1and == If X-U=0, then § = 7/2 and we say that the
vectors X and U are orthogonal.

Exercise 18. Show that for any #, the vectors cos6E,; —sinfE; and sinfE, +
cos9E; are orthogonal in R*.

t
—t
-t |
-1 2t -1

Exercise 19. Find a real number ¢ such that

1
% is orthogonal to

We say that a collection of vectors is orthonormal if each vector has unit
length and if any two distinct vectors in the set are orthogonal. For
example, the basis vectors {E,, E,, E;,E,} form an orthonormal set.

Exercise 20. Show that for any angle #, the vectors {cos@E,; + sinfE,, E,, E;,

—sinfE, + cosE,, } form an orthonormal set.
—y u v
X -0 u
Xl l=x] | =y are mutually
u y - X

Exercise 22. Show that for all angles # and ¢, the vectors

X
Exercise 21. Show that the four vectors [i’ ],

v

orthogonal and all have the same length.

{(cos@E, + sin§E,)cos ¢ + sin ¢E;,
—(cos@E, + sinE,)sin ¢ + cospE;,
—sinfE, + cos0E, ,E,}
form an orthonormal set.

Exercise 23. Find the angle between the vectors E, + E, and E|; + E; + E; + E,.
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Exercise 24. Find the angle between the vectors E; — 1(E, + E;) and E, — }(E,
+ E,).

1
and } . What are the
-1

Exercise 25. Find the angle between the vectors

— bttt

1
possible cosines of angles between the vector } and the other vectors which have
1

each coordinate 1 or —1?

Exercise 26. Show that if U, V, and W are distinct vectors with each coordinate 1
or —1 and if V and W each differ from U by exactly one coordinate, then V—U
and W — U are orthogonal and they have the same length.

Xy

The collection of vectors X = ;‘2 with —1 < x; <1 fori=1,2,3,41is

X4
called the 4-cube centered at the origin.



CHAPTER 4.1
Transformations of n-Space, n > 4

By a transformation of 4-space, we mean a rule T which assigns to each
vector X of R* some vector T(X) of R*. The vector T(X) is called the image
of X under 7, and the collection of all images of vectors in R* under the
transformation T is called the range of T. We continue to denote transfor-
mations by capital letters such as P, Q, R, S, T.

Examples of transformations are:

(1) Projection to the line along U # 0 defined by

o= (¥4

(2) Reflection through the line along U # 0 defined by
S(X)=2P(X)-X.
(3) Multiplication by a scalar ¢ defined by
D,(X) = 1X.
(4) Projection to the hyperplane perpendicular to U # 0 defined by

0(X) =X - P(X).
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ExaMpLE 1. Let U= |!| in R* then

1
1
1
1

X, + x,+ x5+ x4
X+ x,+ x5+ x4

PX)= ( 3

-

1

x,+x2+x3+x4) 1
1 X+ X+ x5+ x,
1

Xp+ xy+ x5+ x4

=X+ x4+ x5+ x,
S(X)=2P(X)-X=1| BTt Xt
2| xy+x—x;+ x,

3x, =%, — X3— x4
—x, +3x,—x,— x
Q(X)=% 1 2 3 4

Exercise 1. In each of the following problems, let P denote projection to the line
along U. Find a formula for the coordinates of the image P(X) in terms of the
coordinates of X.

1
_1|0
(a) U ol
L0
rlﬂ
11
(b) U ol
L0
1)
(©) U= ‘11,
L—ld
1)
|10
@u=|$
-1)
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Exercise 2. For each of the vectors U in Exercise 1, find a formula for the image of
the reflection S(X) through the line along U.

Exercise 3. For each of the vectors U in Exercise 1, find a formula for Q(X), where
Q is the projection to the hyperplane orthogonal to U.

Using the description of a transformation in terms of its coordinates, we
can define further transformations, such as:

(5) Rotation in the x,x, plane by angle 8 defined by

X, cosfx, — sinfx,
R2|%2| = sinfx, + cosfx, |
X3 X3
X4 X4
X1
X2

Exercise 4. In terms of the coordinate of X = X | calculate the images R'%(X),
X4

RI(X), RY2, 4(X).

Similarly, we have the images of R} in the x;x; plane by setting x; = x,
for all k + i, j and by defining

x; = cosfx; — sin Ox;,

x; = sinfx; + cosfx; .

Exercise 5. Calculate the images R*(X), RJ4(R}¥(X)), R SRFX)), RP(RJA(X)),
X1

R(RF (X)), where X = ;‘j .

X4

Just as in the case of objects in 3 dimensions, we may picture objects in
4-space by projecting them down to a 2-dimensional plane. The easiest such
projection is simply the projection to the first two coordinates in RY ie.,

T1%2 | = (%1
X3 Xy )

We call this the projection to the 1-2-coordinate plane. Even though this
transformation takes a vector in R* and sends it to a vector in R?, it
possesses the properties of a linear transformation since TX+U)=
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T(X) + tT(U) for any X, U in R* and any real number ¢. In particular, the
images of a line is another line if T(U)# 0 and the image is a point if
T(U) = 0. This fact makes it easy to draw 2-dimensional pictures of objects
in 4-space which are composed of segments—we simply find the images of
the vertices of the object and connect the image points by a segment in R?
if the original vertices are connected by a segment in R*,

1 1 0
EXAMPLE 2. In R?, the points U = (1) , V= (1) ,and W = i determine an
1 1 1
equilateral triangle. The image points are T(U)= ( } ), T(V)= ( (l)),
T(W) = (‘1’) (see Fig. 4.3).
Note that the image itself is not equilateral.
1
ExAMPLE 3. The tetrahedron in R* determined by the vertices U, = (1) ,
1

0
U,=17|, Uy= i , Uy = has the same image as in Example 2 since
1

O = —

1
1
1

1) = Wy =(1).

(W) (V)

)

Figure 4.3
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2

ExAMPLE 4. The tetrahedron in R* determined by the vertices V, = % )
-1

-1
1 -1 3

V,= ‘0 1 , V3= é , V= —7% has the image given by Figure 4.4.

3 4 7

4
T(V,)
T(V,)
T(V.)
T(V,)
Figure 4.4

EXAMPLE 5. Consider the 4-cube centered at the origin with vertices given
by the vectors with all coordinates either 1 or — 1. The projection T of this

4-cube to the plane has only four 'distinct vertices (}), ( 11), (_11),

( :} ), even though the 4-cube has 16 vertices. For example, the four

1 1
1 1
-1 (=1
-1J (-1 1

1
vertices s i s

1
} are all sent to ( }) under T.
1

In order to get more useful pictures of an object like the 4-cube, we first
rotate the object before projecting to the 1-2-coordinate plane. For exam-
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ple, if we rotate the 4-cube 8 degrees in the 1-3-plane, we get

X, cosfx, — sinfx,
R |*2) = X2
'] - . )
X3 sin fx, + cosfx;
SO
;
X
TRo” Xy| _ [ cos Ox, — sinfx, .
X3 xZ
X4J

If 8 = 30°, we then have TR;}

:(ﬁ/zl— 1/2).

r N
btk

The picture opens up a certain amount, but we still see only eight distinct
vertex images.

If we first rotate in the 1-3-plane by # degrees and then in the 2-4-plane
by ¢ degrees we, get

X cosfx; — sinfx;,
R¥R1 2| = COS ¢px, — SiN x4
¢ g =1 . ,
X3 sinfx, + cosfx;,
X4 sin ¢x, + cos dx,
so
X
2p13 [ X2 | _ [ €08 Ox, — sinfx;
TR¢ Ro X3 (cos¢x2 —sin ¢x4 .
X4
Thus
1
TR4254R3103 -1 _ ‘/3-/24'1/2 ,
- : —2/2+\2/2
while

1
TR24R13 -1 = ‘/5/2+ 1/2
30 30__1 _‘/3—/2+1/2
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We get 16 different images for the 16 vertices of the 4-cube, but again it is
difficult to interpret the image of the whole 4-cube.
If instead we first rotate in the 1-3-plane, then the 2-4-plane, then the

1-4-plane, we get a general position.

X

1ag2ep i3 | *2| = cos a(cos fx; — sinfx;) — sina(sin ¢x, + cos qu4))
TR Ry Ro™ | x| = cos ¢x, — sin ¢x,
X4
Then
X1 ﬁ(—‘/le—-x3)——l-(%x2+£x4)
TRUR2RB| %2 | = 2\ 2 2 2
30R30R50| . i .
X4 .__3_x2 - l X4
2 2
V3 V3
_ —x‘_%X2—TX3_—4—X4
V3
Lt

Finally, if we rotate by B degrees in the 2-3-plane, we have

Xy
X
X3
X4

23p 14p24p 13
TRPRR¥R,

_ cosa cosfx, — sinasin ¢x, — cosa sinfx; — sin a cos px,
— sin Bsin¢x, + cos Bcos¢x, — sin Bcosfhx; — cos Bsindx, |

In particular,

%) (3, 1, B, 8

=X = 2 X x
X 4 1 4 2 4 3 4 4

TRERYRERS| | = .
X —-lx +lx —-‘/-3-— - B
4 gNT R T IER T g

Now we have a picture in “general position” where no two images of
coordinate axes are linearly dependent.

These are precisely the sorts of instructions which are used in producing
computer graphics images (see Fig. 4.5), for example, in the film The



212 Linear Algebra Through Geometry

0=30,6=0,a=0,8=0 0=30,6=30,a=0,8=0
o »\
I ¥
0=30,¢=30,a=30,8=0 9=30,¢=30,a=308=10
Figure 4.5

Hypercube: Projections and Slicing by Thomas Banchoff and Charles
Strauss. We include several different pictures of that object corresponding
to other values of 4, ¢, a, and S.



CHAPTER 4.2
Linear Transformations and Matrices

In Chapter 4.1 we examined a number of transformations 7 of 4-space all
of which have the property that the coordinates of T'(X) are given as linear
functions of the coordinates of X. In each case we have formulas of the sort

Xy ayx;+ apx, + ap;x;+ ax,
71 %2| = |9a%1 ¥ anXs  agxs + ayex

X3 a3 Xy + apx, + ayx; + ayx, |

X4 A X+ ApXy + agyX3 + ayx,

Any transformation which can be written in this form is called a linear
transformation of 4-space.
ay ap 43 a4y
ay, Gy ay; Ayl . .
The symbol | 2! "2 "2 "24| s called the matrix of the transforma-
a3 4z Az Ay
A4 Qg Qg3 Ay
tion T and is denoted m(T). We abbreviate m(T) by (a;), where a; stands
for the entry in the ith row and the jth column.
We can now list the matrices of the linear transformations in the

1
examples of Chapter 4.1 (with U = } ):

1

m(P)=

Bl= Bl D= B
Bl= Bl B B
Bl= Bl B S

e e N e N
~
—
~—
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(1 1 11
2 2 2 2
b4 44
m(S)y= 00 )
2 2 2 2
T R
(t 00 0
m(P)=15 o 1 o ®
0 0 0 ¢
(3 _1 _1 _1
4 4 4 4
-4 1 - -
mQ)=1_| O, 4 _. 4)
4 4 4 4
-1 _1 -1 3
L 4 4 4 4
(cos@ —sinf 0 0
2y _|sinf cos® O O
m®D=1% Y0 1 of )
L 0 0 0 1

As in dimensions 2 and 3, if T is the linear transformation with matrix
m(T) = ((a;)), we then write

X apx, Ialzxzi'alaxaiamx‘z M1
x a
CRCRICH o B rinpbeicberi B
X4 agx) + agpnX; + agpx; + agx, Va
Ji
and we say that the matrix ((ay)) acts on the vector X to yield Y = ﬁ z . We
Y4

may then write the equations for the coordinates of Y as
Vi = ayx; + apx, + apx; + aux,, for i=1,2,3,4.

As in dimensions 2 and 3, we now prove two crucial properties of linear
transformations, which show how a matrix acts on sums and scalar prod-

X u,

ucts. If X = 2| and U= “2 , and if Y = ((a,))X + U), then
X3 Uy ij
X, u,

yi = ay(x; + u)) + ap(xy + uy) + ap(xy + uz) + ag(xg+ uy)
= (a“x, + aizxz + a,-3X3 + a,-4)C4) + (a“ul + ai2u2 + a,-3u3 + ai4u4).

Therefore, ((a,-j))(X +U)=((a)X + ((a,.j))U. It follows that T(X + U)
= T(X) + T(U).
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Similarly, we may show that T(rX) = rT(X) for any scalar .
Conversely, if T is a transformation such that 7(X + U) = T(X) + T(U)
and T(rX) = rT(X) for all vectors X, U and scalars r, then

X, X, 0 0 0
X3 0 0 X3 0
X, 0 0 0 X4

T(x,E, + x,E, + x;E; + x,E,)
ay; X, X,
We define a, by setting T(E,) = |7 |. Then T|*?| = ()| *2|. Hence
e define a; by setting D= |y, | X, D, | ,

a4j | X4 X4
T is the linear transformation with matrix ((ay)).

In summary, we have:

Theorem 4.1. 4 transformation T of 4-space is a linear transformation if and
only if T(X + U) = T(X) + T(U) and T(rX) = rT(X) for any vectors X and
U and scalars r.

In much the same way as in dimensions 2 and 3, we may define the
notions of products of transformations and of their corresponding ma-
trices, of inverses, determinants, and eigenvalues. These procedures lead to
systems of equations in four and more variables which we will take up in
the next chapter. We do mention two facts which are important differ-
ences between dimension 4 and dimension 3 to help the student in
pursuing the subject of linear algebra beyond the material in this book.

First of all, although every linear transformation in R® had at least one
eigenvalue, this property no longer holds in R* (as indeed it did not in R?).
For example, if we consider the double rotation R934R;2, we have

b cosfx, — sinfx,
R,,“Rq:z x| _ sinfx, + cc.>sl9x2 ,

X3 COS X3 — SIn dx,

X4 sin ¢x; + cos ¢x,

and if R034R4!2(X) = AX for some A # 0, we have, first of all,
cosfx, — sinfx, = Ax,,
sinfx; + cosfx, = Ax, ;

so unless x, and x, =0,

(cos — }\)2+ sin’g = 0,



216 Linear Algebra Through Geometry

and, therefore,
1+A%=2Acosf=0.

The only solutions then are A = (2cosf +y4cos?d —4)/2. But this has

solutions only if cos? = 1, § = 0, 7. Similarly, the last two equations express
the condition that

cos ¢x3 — sin px, = Ax;,
sin ¢x; + cos px, = Ax,,
which can only occur if ¢ =0 or 7 or if both x; and x, = 0. Therefore, in

the case where neither f nor ¢ is O or =, the transformation R;*R,? will
have no (real) eigenvalues or eigenvectors.
The definition of the determinant of a matrix in R* is analogous to the

definition in R? or R3. We recall that we can express the 3 x 3 determi-
nant in terms of 2 x 2 determinants as follows.

a, b, c
: b _ b2 el by ¢ + by ¢
a b, G|=aq b ) b a; b

3 €3 3 €3 2 G
a; by ¢

In R*, we define a 4 X 4 determinant in terms of 3 X 3 determinants:
a, b, ¢ d,
a, b, ¢, d,
a; by ¢ dy
a, by ¢, d;

beydy|  |bieydy| (b, |bieid,
= a] b3C3d3 - a2 b3C3d3 +a3 b2C2d2 —a, b2C2d2 .
bicd,|  |bicuds|  |bacads|  |Bacsds

For example,

cos@ — N —sinf 0 0
sin § cosf — A 0 0
0 0 cos¢p—A —sing
0 0 sing cos¢ — A
cosf — A 0 0
= (cosf — A) 0 cos¢—A  —sing
0 sin ¢ cosep — A
—sinf 0 0
—sinf| O cos¢ —A  —sing
0 sing  cos¢—A

= ((cos8 — A)? + sin’9 )((cos ¢ — A)? + sin’¢)
= (A2 = 2\cosf + 1)(A* — 2Acos ¢ + 1).

The only cases in which this determinant is zero occur when either 8 or ¢ is
0 or 7.
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The determinant of an n x n matrix is defined inductively. If we assume
that the determinant of an (n— 1) x (n — 1) matrix has already been
defined, then we may obtain the determinant of an n x n matrix by using
the following formula:

a;; ay2 A3 Ain a5 az:; a,,
a; Gz 4az3 azn a a a
az; 4ads; 4az3 aip| =411 327 3
an ay an3 Qpp n2 s am
a2 a3 iy a2 ai3 ayn
—a,, a?z az3 A2n +as, a?z azs A2n
(2% an3 (2 ay2 an3 QAun
(2¥) a3 Ain
+...+(_1)n—1 a?Z azs azn
ap-12 Qy-13 Ap—1n

Let A be a linear transformation of R" with matrix m with entries a;;. It

can l())e shown that 4 has an inverse if and only if the determinant of
m # 0.



CHAPTER 43

Homogeneous Systems of Equations
in n-Space

In Chapters 2.4 and 3.4, we studied systems of linear equations in 2 and 3
unknowns. In this chapter, we will apply the techniques of linear algebra
to systems of linear equations in n unknowns where n > 4.

ExAMPLE 1. Let us look at the system
M

X, +2x,+3x;—x,=0,
Xy + x5+ x4=0,

in four unknowns. By a solution of (1) we mean a vector X in R?,

which satisfies the two equations in system (1). Thus

-1 0
_l 1 and 8
0 0

are two solutions of (1).
Let us find all solutions of (1). Assume

Xy
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is a solution of (1). Subtracting twice the bottom equation from the top, we
get
(X, + 2%, 4 3x3— x4) — 2(x, + x5+ x4) = 0—2(0)

or
x;+ x3—3x4=0.
So we have
x;+ x3—3x,=0, 2
X, + X3+ x4=0,
which we rewrite in the form:
X, = —x3+3x,, 3)
X2 = - )C3 - x4 .

We just saw that every solution of the system (1) satisfies the system (3).
Conversely, retracing our steps, we see that if X is a solution of (3), then X
is also a solution of (1). But now (3) can be solved directly. We give
arbitrary values to x; and x, and then use (3) to calculate x, and x,. For
instance, set x; = — 10, x, = 3. Then, by (3),

x,=10+3-3=19,

and
x,=10-3=17.
Using these values for x;, i = 1, 2, 3, 4, we get
19
x=| 7 |
- 10
3

One can directly check that X is a solution of (1).
More generally, fix two numbers u, v. Set x; = u, x, = v and define X,
and x, by (3). Then

X, = —u+ 3o,
Xy=—u-—o.
Set
X, —u+3v -1 3
_| X2l _| Tu—-v _ -1 -1

X4 v 0 1
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Letting u, v take on all possible scalar values, formula (4) then delivers all
solutions of (1).

Next, we shall study an arbitrary system of k equations in n unknowns
having the following form:

ayx;+ apx,+ -0 +a,x,=0,
alel + a22x2 + cr + aznxn = 0,

(H)
QX + aqx, + - oo +a,x, =0.

(H) is called a homogeneous system of linear equations.

Here a;, 1 < i<k, 1< j< n,are certain given scalars called the coeffi-
cients of the system (H) and x,, ..., x, are the unknowns. A solution of
(H) is an n-tuple of numbers

Xy
X3
X,
such that each of the k equations in (H) is satisfied by these n numbers.
We recall the discussion in Chapter 4.0, §2: We define an n-tuple X
as a vector in n-space, and we denote the totality of all such vectors by R".
Addition of vectors in R" and multiplication of a vector by a scalar is defined
by analogy with the definitions given for the case n = 4, and the same basic

algebraic properties hold which we noted in that case. Furthermore, the dot
product of two vectors in R" is defined as in Chapter 4.0, §3, by

X -U=xu + xu, + - -+ + x,u,,
where
Xy U
X2 U
X=1.]1 U= .
X, u,

Using dot-product notation, the system (H) can be written concisely as

Al'x=0,

A,-X=0,
: (H)

Ak’x=0,
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Xy
where X is the unknown vector | . | and
xﬂ
N
a as,
ap an
A= .| A= .| etc
aln‘ an

Using the dot product, we may give a geometric interpretation of homoge-
neous equations that allows us to solve a number of geometric problems
in n-space analogous to those we can solve in spaces of 2 or 3 dimensions.
The statement that A-X = 0 can be interpreted as saying that X is in the
hyperplane orthogonal to A. The statement that A;-X =0 and A,-X=0
then means that X is in the intersection of two hyperplanes. This intersec-
tion might be a hyperplane itself, in case A; and A, are linearly depen-
dent, but if A; and A, are linearly independent, any vector orthogonal to
both of them will be orthogonal to any linear combination of them. Thus,
the solutions of this system of two linear equations can be interpreted as
the collection of vectors orthogonal to the plane determined by A, and
A,. In the case n =4, the collection of vectors orthogonal to the plane
containing A; and A, is itself a plane, and when we solve the system of
linear equations, we are finding a basis for this plane. If we have a system
of three homogeneous linear equations in 4-space, and if the vectors A,
A,, A; are linearly independent, then they span a hyperplane, and the
solution of the system consists of all vectors in the line orthogonal to this
hyperplane. Lines, planes, and hyperplanes through the origin (as well as
R* itself and the set consisting of the zero vector) are the only subsets of
4-dimensional space that are closed under addition and scalar multiplica-
tion, and any of these sets can be the set of solutions of a system of
homogeneous equations. In Chapter 5, we will generalize this notion to
higher dimensions by introducing the concept of a subspace of a vector
space.

Next, we will describe a procedure for solving any system of k homoge-
neous equations in n unknowns. This procedure is known as Gaussian
elimination and it is the basis for most algorithms used by computers in
solving such systems.

To find all the solutions X of a given system (H), consider a second
system

’ ’
a”xl + a|2x2 + .. + a’]nxn = 0’
(H)
’ ’ _
aklx‘ + akzxz + coe. + a;(nxn = 0_

We say that the systems (H) and (H’) are equivalent if every solution of (H)
is a solution of (H’), and conversely.
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To solve (H) it will be enough if we can find a system (H’) which i.
equivalent to (H) and which is easy to solve. Note that we did just that in
Example 1 when we found the system (2) which was equivalent to (1).

In the next example, k =3 and n = 4.

ExAMmPLE 2. To solve
X, = 2x, + 3x,4 =0,
4%, — x4 =0,
subtract the top line from the middle line and leave the other lines alone.
We get the new system
x|—2x2+3x3 =0,
3x2 - 3X3 + X4 = 0, (Sa)
4xy— x,=0.
(5a) is equivalent to (5).
Next, add 2 of the middle line in (5a) to the top line. We get
X + x3+3x,=0,
3x, = 3x3+ x,=0, (5b)
4x;— x,=0.

(5b) is equivalent to (5a), and so it follows that (5b) is equivalent to (5).
Next we add — 1 times the bottom line of (5b) to the top line, getting

X +(%+%)x4=0’
3x2 - 3X3 + X4 = 0, (50)
4X3_ X4=O.

Finally, add 2 of the bottom line of (5¢) to the middle line, getting

X, +4ix,=0,
3x, + 4x,=0, (5d)
4X3 - x4 = 0.
As before, (5¢) and (5d) are equivalent to (5). But (5d) can be solved at

once. Give an arbitrary value to x4 and then use (5d) to calculate x,, x,, X3.
We find
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Hence, we get, as a solution of (5d):

-1 — 1

Xy 12 %4 12

1 1

x —Lx - L

X= 2= | TN o T (6)

1

X3 3%4 4

X4 X4 1

For different choices of x,, (6) gives all solutions of (5d) and, therefore,
all solutions of (5).

The method just used in Example 2 can be applied to any system of the
form (H). By a succession of steps in which a scalar times one line of the
system is added to some other line, while the remaining lines are left
unchanged, and, possibly, by relabeling the unknowns x;, we finally obtain
a system (H’) of the following form:

+byXp + bypx o + by, %, =0,
+byxpp 1+ byyxpt o+ by, %, =0,

Xy
X

(H)

X, ‘buxp *bpxpa+ o+ by, %, =0,
where / is some integer, depending on the system (H), with 1 < / < n, and
b; are certain constants, such that the original system (H) and this system
(H") are equivalent. To find all solutions of (H’), and, therefore, of (H), we
need only fix numbers u,u,, ..., u,_,, setx,,, =u,,...,x,=u, , and
then find x,x,, . . ., x, from (H'). We get

Xy = —=byuy—bpuy— -+ =by,_u,_,,
Xy = —byuy—bpu,— - -+ - by ity
Xy = =bpuy = bpuy— -+ = b, _u,_,.
The solution X of (H) is then given by
r 3 r 3\
Xy —byu— - = by ity
X, —byuy— -+ = by ity
X=| % |=|-"byuy—--- - by ity .
XI1+1 u;
X142 L)
L xn L un—l

In other words,
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= by —by, bln—ll
= by, — by, by
X=u‘ 1 +u2 0 + .- +u"_[ 0 . (7)
0 1 0
Lo) Lo L)
Letting u,, . . ., u, take on all possible scalar values, (7) gives us all solutions
of (H), and each choice of u,, . . ., u, provides a solution of (H).

Xy
ExaMPLE 3. Find a nonzero vector [x2 in R® which is orthogonal to each

2 1 .
of the vectors [3] and [1}

0 1
The condition on x|, x,, x; is
2x,+3 =0,
{ )):] + ;‘2 +x,=0 ®)
1 2T X3 =0

So we must solve the system (8), of two equations in three unknowns.
Subtracting 1 the top line from the bottom line, we get the equivalent
system

{ 2x,+ 3x, =0, (8a)

— 1 =
1x,+ x3=0.

Adding 6 times the bottom line to the top one, we get the equivalent system

[ 2x,+ | +6x, -:- 0, (8b)
(8b) can now be solved to give
x; = —3x,,
X, = 2X;.
X
So the solution X = XZ‘ of (8) is given by
X3
_3X3 —3
x = 2x3 = X3
X5 1
Here x, is an arbitrary scalar. In particular, taking x; = — 1, we get: The

3 2
vector [- 2] is orthogonal to [3
-1 0

1
and to | 1.
1
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Note: We could have solved this problem by using the cross product.

Exercise 1. Find all solutions of the system in four unknowns:

X +X4=0,
x| —x4=0, &)
X+ x4+ x3+ x4=0.

Exercise 2. Find all solutions of the system:

X + 2X4 = 0, (10)
X;+ X+ x5+ x4=0.
Exercise 3. Find all solutions of the system in x,;, x,, X3, x4:
X + 2X2 = 0,
Xy + x3+ x4=0, (1m
X + Xy — X3 =0.

Exercise 4. Find all solutions of the system consisting of one equation in five
variables:

2x1-—x2+x3—4x4+x5=0.

Exercise 5. Find all vectors in R* which are orthogonal in R*:

(a) to the vector

-1
1Y (0)
(b) to the vectors —ll , 11 ;
k—lJ LO J
r 1 3 r 0 3\ 1\
(c) to the vectors =1 , 1 ) 0 ;
1 -1 0
-1J (0 1)
e 1 3 0 3 17
(d) to the vectors -1 , I ) 0 ;
1 -11 10
(1) Lo ) U]
(1) (0] (1] [ 1
(e) to the vectors _11 ' } , g , g
L1 J 0J) (1) (-1

Exercise 6. Find all vectors in R* which are orthogonal to the vectors:

HWN -
[-<BE W W]



CHAPTER 4.4

Inhomogeneous Systems of Equations
in n-Space

§1. Solutions of Systems of Equations

The procedures that we used to solve homogeneous systems of linear
equations can be modified to solve systems of equations that are not
homogeneous. Once we have any one solution to an inhomogeneous
system of linear equations, we will be able to obtain all other solutions
just by adding the solutions to the associated homogeneous system of
linear equations. In the case of 4-dimensional space, the geometric inter-
pretation of the solution set of a homogeneous system in terms of lines,
plane, and hyperplanes through the origin leads to a corresponding de-
scription of the solution sets of inhomogeneous systems as lines, planes,
and hyperplanes not passing through the origin.

Let a;, 1 <i<k 1<j<n be a set of constants, and fix k constants
Uy, Uy, ..., U. The system
apx +apx, + - tax, =y,
ayx,+apx,+ - +ayx,=u,
)
ax, + agpx, + -0 Fax, =y,

is called an inhomogeneous system of linear equations. If all the v, =0, (I)
turns into the homogeneous system (H) which we studied in Chapter 43.

We set
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X is a solution of (I) if the equations in (I) are satisfied. How can we solve
such an inhomogeneous system? For n = k = 2 and for n = k = 3, we have
studied such systems in earlier chapters. In the general case of arbitrary .k
and n, we can proceed as in our solution of homogeneous systems in
Chapter 4.3 to find a succession of systems that are equivalent to (I), until
we reach a system (I') of the following form, where we may have relabeled
the x;:

X +byxpy + bypXpat o by, X, =0,
Xy +bhy X Fbypxat s by X, =0,
@)
Xp Fbpxpey +bpXy + e+ by X, =0,
where v,, . . ., v; is a new sequence of constants, constructed out of the ;.
We then solve the system (I') directly by choosing x,, ,, . . ., x, arbitrarily
and solving for x,,x,, . . ., x;, using (I'). In this way, we find all solutions
of (I'), and hence all solutions of (I).
ExampLE 1. Solve the system
2x+3y+z=u,
xX— y—z=v, Q)]

3x +2y =w,

where u, v, w are given numbers. Subtracting twice the middle line from the
top line, and then three times the middle line from the bottom line, we get
the equivalent system:

xX— y— z=y,
S5y +3z=u-2p, (1)
S5y +3z=w-30.
By a similar procedure, we get the following system (1”), equivalent to (1),
and, hence, also equivalent to (1):
X—y— z=0y,
Sy+3z=u-—2v, (1"
O=(w-30)—(u—20)=w—u—no.
Observe that (1”) does not have solutions for every choice of u, v, w. The

bottom line in (1”) implies that if (1”) has a solution, then w = v + u. One
more step, adding 3 times the middle of line (1”) to the top line, gives

x —iz=ov+i(u-20)=1u+1ly,
y+iz=fu-in )
O=w—-u-o

(1"") has the form (I’) discussed above. To solve (1"”’), we must have
w = u + v. Under this assumption, we give z an arbitrary value ¢ and find
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+

u v+
u—

t
t (2)

z= t

D= V=
Wi LW
wiw Vi

X =
Y= Cha

For different choices of ¢, (2) provides us with all solutions of (1) and,
hence, all solutions of our original system (1). In particular, take u =5,
v =10, w = 15. Then the system

2x+3y+z= 5,

x— y—z=10, 3)
3x +2y =15
is solved by fixing a value ¢ and setting
x=1+6+%t= T+1%1,
y=1-4-3t=-3-131,
7= = t.

One can check this by inserting these values in the system (3).

Exercise 1. Find all solutions of the system
2x+3y+z= 5,
x—y—z=10.
Exercise 2. Find conditions on u,, u, u3, u4 under which there exists a solution x,
X5, X3, X4 Of the system:
Xp— Xy = Uy,
2%+ x3=uy,
X) = X4 = Uz,

Xy — X4= Ug.

Assuming these conditions are satisfied, find all solutions of the system.

ExAMPLE 2. Solve the system in four unknowns:
X+ x;=1uy,
X, + X,= Uy,
2 3= @
X3+ X4= Uy,
2x, = 3x,=uy.
We can easily see that this system is equivalent to

_SX2=u4_2u|,

x2+ X3 = Uy, (4/)
X3+ X4=uy,

2x| - 3x2= u4,

and (4'), in turn, is equivalent to
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—5x, = u, — 2u,,
xy=L(uy = 2uy) + uy = — Iu; + uy + Luy, 4")
2x; = uy— 3(ug— 2u)) = $u; + %u,,
X3+ X4 = Uy,
and, at last, (4”) is equivalent to the system obtained from (4”) by keeping
the three top lines and replacing the bottom line by
Xg=uy— (—3uy + uy + tuy)
=2u —uy+u;—lu,.
Thus the solution of (4) is unique, with given u;, and is as follows:
X, =J5u, + fuy,

X2=

v

-1
u 5“4’ (5)

= —2 1y

=2y — -1
xg=12%u;—uy+uy—lu,.

inserting these values for the x; in (4), we can check that our solution is
correct.

Note: In Example 1, the solution of the system (1) was not unique. Also,
in Example 1, the solution exists only for certain choices of u, v, w. In
Example 2, the solution was unique and exists for every choice of u,, uj, u,,
u,. What can be said about the existence and uniqueness of the solutions for
the system (I)? We state, without proof, the following basic result for the
case k = n. Let us denote by (H) the homogeneous system corresponding to
(I), obtained by setting v, =0,i=1,...,k, in D.

Theorem 4.2. Let k = n. We distinguish two cases:

(1) (H) kas only the trivial solution 0. Then the inhomogeneous system (1) has
a unique solution for every choice of the u,.

(ii) (H) has a non-trivial solution. Then for certain u;, (I) has no solution.
Also, the solution of (I) is never unique.

A proof of this theorem will be given in Chapter 5.2.

The following example will illustrate how Theorem 4.2 can be used in
proofs.

ExaMPLE 3. Given three points in the plane: (x,, y)), (x5, ¥,), (x3, V),
which are not collinear, show that there exists a circle which passes through
the three points.

The circle C with center (x,, y,) and radius R has the equation

(x = x0)*+ (¥ = yo)*= R?
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or
x2—2xx0+x§+y2—2yy0+y3= RZ.
We can rewrite this in the form
x*+y?+ax+by+c=0,
where a, b, c are certain constants. This circle passes through our three
given points if and only if
xX}+yi+ax;+by,+c=0, i=1,23.

Note that x; and y; are given numbers and a, b, and ¢ are numbers to be
found. We can rewrite this system in the form:

xa+yb+c=u,
X,a+ y,b+c=u,, (6)
X3a+ y3b+c=u,,

where u, = —x? — y?. We regard (6) as an inhomogeneous system of

equations in the unknowns a, b, c. The corresponding homogeneous system
is the following:

xa+yb+c=0,

X,a+ y,b+c¢=0, ™

x3a+ yb+c=0,
Suppose that this system has a nonzero solution a, b, ¢. Then the line
defined by

ax+by+c=0
passes through each of our three points. This contradicts the assumption
that the points are not collinear. Hence, (7) has only the trivial solution.
Thus we have case (i) in Theorem 4.2 for the system (6), and so (6) has a
solution a, b, c. It follows that

x}+yP+xa+yb+c=0, i=12,3.
The equation
x*+y*+xa+yb+c=0

is thus satisfied by (x;, y;), i = 1,2,3. This equation can be written

(x+521-)2+(y+-g)2=—c+%2—+%2,

which represents a circle which passes through each of the three points.

Note: The existence of this circle could also be shown by elementary
geometry. However, the method we used, based on Theorem 4.2, is applica-
ble to a wide variety of situations, some of which are given as exercises at
the end of this chapter.
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§2. Geometric Interpretation

What is the geometric interpretation of the set of solutions of an in-
homogeneous system (I)? In the case of a homogeneous system of linear
equations in n-dimensional space for n < 4, we have seen that the solution
set is either empty, the whole space, or a line, a plane, or a hyperplane
through the origin. Consider the following example in the plane.

EXAMPLE 4. Let L consist of all vectors X = (x, y) in R?, such that
2x + 3y = 5. 8)

Clearly, L is a straight line that does not contain the origin. Let L, denote
the solution set of the homogeneous equation obtained by replacing the
right-hand side by 0:

2x + 3y =0, (9)

The set L, is a line through the origin. How are L are L, related? We can
easily find one solution for the inhomogeneous equation (8), for example,
the point (1, 1). If (x, y) satisfies 2x + 3y = 5, then 2(x — 1) + 3(y — 1) =0
so (x, y) — (1, 1) is a solution of the homogeneous equation. We can obtain
any solution (x, y) of the inhomogeneous equation by adding the particu-
lar solution (1, 1) to a solution of the homogeneous equation. Geometri-
cally speaking, we can obtain the solution set L of (I) by moving the
solution set L, of (H) parallel to itself, translating the line L, by the fixed
vector (1, 1) (see Fig. 4.3).
This procedure generalizes to arbitrary dimensions.

D

Lo

Figure 4.3
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Proposition 1. Let W be the set of solutions in R" of the inhomogeneous
system of equations (I). Then there is a vector Xy, so that any element of W
can be written as Xy + Y, where Y is a solution of the associated homoge-
neous system (H). Thus, W is obtained by translating the solution set of (H)
by the vector X,.

To show this, we write the system (I) in the form:

AI‘X=u|,...,Ak‘X=uk, (I)
a A x0
a %)
where A| = ,...»Ag=| . |. Choose X°=| : | satisfying (I). Then if
a, Oy X,

X satisfies (I),
Al'(x—x0)=Al'x—A1'XO=A|‘X—u1=u|—ul=0.
Hence,
A-(X-X%=0.
Similarly, A;- (X =X% =0, j=2,..., k. Thus X — X" satisfies the homo-
geneous system (H) which corresponds to (I).
We denote by S the set of solutions of the homogeneous system (H).

If X is a solution of (I), then Y=X —X° is in § and X =Y + X°
Conversely, if X has this form, then

Ay X=A (Y+X)=A, Y+A - XO=0+u =u,.

Similarly, A;-X = u; for all j. So X is in W. Thus we have shown: X is in
W,ie,Xisa solutxon of (I), if and only if X lies in the translation of S by
X°, and this is what Proposition 1 asserts.

Exercise 3. Let T be the subset of R* defined by the equation
2x1 —_ 3x2 + X3 + SX4 = 10.

Find a hyperplane S in R* and a vector X° in R* such that T is the translate of §
by X,.

§3. Exercises

Exercise 4. Let (x;, 1), (X2, y2), (x3, y3) be three non- collinear points in the plane

with x,, X, x5 all different. Show that there exists a parabola P with equation
y= ax®+ bx + c,

where a, b, ¢ are constants and a # 0, such that each of the three given points lies

on P.
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Exercise 5. Find the coefficients a, b, ¢ of a parabola y = ax*+ bx + ¢ which
passes through the points

(1,6),(2,4), (3,0).

Exercise 6. (a) Show that a sphere in R* has an equation:
x*+py’+ 22 +ax+by+cz+d=0,

where a, b, c, d are constants.
(b) Given four points (x5 y52), j = 1,2,3,4 in R? such that they do not all lie in
a plane, show that there is a sphere passing through all four points.

Exercise 7. Find an equation for the sphere which passes through the points
(1,0,1), (0,2,3), (3,0,4), (1,1, 1).

Exercise 8. Find a cubic curve with the equation y = ax® + bx? + cx + d passing
through the four points: (1,0), (2,2), (3, 12), (4, 36).

§4. Partial Fractions Decomposition

ExAMPLE 5. We wish to express the function

_ 1
J(x)= (x = D)(x=2)(x-3)

in the form

_ _a b ¢
f(x)_x—1+x—2+x—3’ (10)

where a, b, ¢ are constants to be found. Multiplying both sides by (x — 1)
(x = 2) (x — 3), we see that (10) is equivalent to

I=a(x=2)(x=3)+b(x— 1)(x = 3) + ¢c(x — 1)(x —2)
which can be written as
1=(a+b+c)x2+(—5a—4b—3c)x+6a+3b+2c.
This is equivalent to the system

a+ b+ ¢c=0,
—5a—-4b -3¢ =0, (1)
6a+3b+2c=1.
We easily solve this and find:

=1, b=-1 ¢

I
[T

Hence,

1 _ 12 -1 1/2
G-DE-2)(x-3) x-1 " x-2"x=3"
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Exercise 9. Express the function

_ 1
)= o+ Dx

in the form

fy=—9_4+ b ¢

x—1 x+1 x

Exercise 10. Find a, b, ¢, d such that

1 —_a b c d

G-Dx-)x-x-4 -1 x2tx=3tx=7
Exercise 11. Let q,, . . ., a, be n distinct numbers and set
1

(x) = .

A PN S Y F)
An identity

€ 2 Cn
= + P
Jx) x—a, x—a2+ +x—a,, (12)

is called a partial fractions decomposition of f(x).

(a) Show that (12) is equivalent to an inhomogeneous system of n linear equations

in the unknowns ¢y, ..., ¢c,.
(b) Show that the corresponding homogeneous system has only the trivial solution.
(c) Use Theorem 5.3 to show that there exists constants ¢, .. ., ¢, which satisfy
(12).

Exercise 12. Does the system

x|+ 2x, 4+ 3x3+4x,=1,
2x; +3xy +4x3+ 1x4 =0,
3x;+4x,+ 1x34+ 2x4 =0,
dx; + lx, +2x3+3x4=0

(13)

have a solution? If it does, find all solutions.



CHAPTER 5.0
Vector Spaces

We shall use the symbols
€: belongs to and ¢: does not belong to.

For instance, the point (3, 3) € L, where L is the line in the xy plane with
equation x = y.

The basic notions of vector algebra that you have been studying in the
spaces R?, R3, etc., make sense in a more general context, the context of
vector spaces. A vector space V is a collection of objects called “vectors,”
which we denote by capital letters X, Y, U, etc., together with the notions
of “+” and “-” satisfying rules (4)—(11) given in Chapter 2.0. The objects
that make up a vector space might be polynomials, trigonometric func-
tions, 2 x 2 matrices, or many other kinds of things. Once we have
defined addition, +, and scalar multiplication, -, on these objects and
verified rules (4)-(11), we can think of them as geometrical objects analo-
gous to the familiar vectors in R? and R3.

ExampLE 1. Fix an integer n > 1. The space R", defined in Chapter 4.0,
consists of n-tuples of real numbers and is a vector space.

EXAMPLE 2. Let S be a subset of R” such that whenever X, Y € S, then also
X+ YeS, and if teR, also tX e S. Equivalently, we could say: sX +
tY e S for all 5, t e R.

Then, S is called a subspace of R". The space S inherits the notion of
vector addition and scalar multiplication from R”, evidently obeys our
rules (4)—(11), and so, is a vector space.

For instance, the plane 2x + y — 5z = 0 in R3 is a subspace of R>.
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ExaMpLE 3. Consider a homogeneous system of linear equations in x, ..
X,

g

A X=0,...,A,X=0, (H)
where A, ..., A, are given vectors in R" and X = (x,,..., x,). Denote by
S the subset of R” consisting of all solutions X of this system (H).

Exercise 1. Show that S is a subspace of R", and so, that S is a vector space under
the usual addition, +, and scalar multiplication, -.

EXAMPLE 4. Fix an integer n > 1. P, denotes the set of all polynomials f
of degree < n, with real coefficients:

f=ag+ax+a,x*> + -+ axb,

where a; # 0 and k < n. Then k is the degree of f; (we write k = deg f). If
f and g both are in P,, then degf < n, deg g < n, and so, deg(f + g) <n,
so f+geP,. If feP,, teR, then tf € P,. It is easy to check that with
these definitions, P, is a vector space.

Put Q, = set of all polynomials of degree exactly n, where n is some
fixed integer, and add the elements of Q, as polynomials. Notice that Q,
is not a vector space. For instance, f = 2x + x? and g = 1 — 3x + 2x? are
both € Q,, but 2f — g = 7x — 1 has a degree of 1 and so ¢ Q,.

ExaMPLE 5. Fix an integer n > 1. C, denotes the set of all functions
é(x) = a, cos x + a, cos 2x + *** + a, COS hx,
where a,, a,, ..., a,€ R. If

Y(x) = b, cos x + b, cos 2x + -+ + b, cos nx,
then
(¢ + ¥)(x) = (a; + by)cos x + -+ + (a, + b,) cos nx,

s0 ¢ + Y again e C,. Also, t¢ € C, for xt € R. So, C, is a vector space.

ExAMPLE 6. Fix an integer n > 1. Let T, denote the set of all functions
n
y(x) = ag + Y, (a;cos jx + b;sin jx),
Jj=1

a;, b; € R. Defining addition and scalar multiplication in the usual way, we
see that T, is a vector space. We shall refer to the “vectors” in T,, that is,

to the functions y as trigonometric sums of order < n.

In Example 2 we defined subspaces of R”. In a similar way, any subset §
of a vector space V that is such that, whenever X, YeS and s, t € R, then
sX + ty € S, is called a subspace of V.

Exercise 2. Show that, for fixed n, C, is a subspace of T,,.
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. a b
ExaMPLE 7. Denote by M? the collection of all 2 x 2 matrices (c d)'

Define
a b a b _ a+a b+b
e d)T\e @) \eve d+a

and ¢(? bY_(ta . Then M? is a vector space.
c d tc td

ExaMmpLE 8. Let C denote the collection of all complex numbers w =
u + iv, where u, ve R and i = ./ —1. Add complex numbers in the usual
way: (u+ vi) + @ +iv')=(u+ u')+ i(v + v'), and define t(u + iv) = tu +
itv, for t € R. Then C is a vector space.

ExaAMPLE 9. Let P denote the collection of all polynomials in the variable
x, without restrictions on the degree. Add them in the usual way of adding
polynomials, and similarly for scalar multiplication. Then P is a vector
space. Each vector space P, is a subspace of P, forn=1,2,....

In Chapters 2.0 and 3.0, we discussed linear dependence and linear
independence of sets of vectors in R? and in R3.

Now, let V be a vector space and Yy, ..., Y, be a set of k vectors in V.
We say that the set is linearly dependent if one of the Y; is a linear

combination of the rest. Equivalently, we can say that Y, ..., Y, is
linearly dependent if there exist scalars sy, ..., s, not all 0, such that
lel+”.+skYk=0' (1)

To see this, note that if (1) holds and one of the s,, say, s,, is not 0, we
can solve for Y,, getting
s s s
Y, = —*le - ‘3Y3 - _kYka
S, S, s,
and so, Y, is a linear combination of the remaining Y, and, thus, the set
Y, Y,, ..., Y, is linearly dependent.

Conversely, suppose the set Y, ..., Y, is linearly dependent. Then, for
some i,

Yi = clYl + 4+ ci—lYi—l + Ci+lYi+l + -+ ckYk’
and so, we have
aYi++e, Yo, + (DY + Cirn1Yiri + 0+ Y, =0.

Thps, (1) can be solved by the set of scalars c;, ..., ¢;y, —1, Ciay, ..., Cis
wh§ch are not all 0. Thus, deciding about linear dependence amounts to
seeing whether (1) can be satisfied by scalars s, ..., s,, which are not all 0.

A set of vectors Ay, ..., A, in ¥, which is not linearly dependent, is
called linearly independent.



CHAPTER 5.1
Bases and Dimension

Let V be a vector space. Let Y, ..., Y, be a set of vectors in V. The span
of this set of vectors is defined as the collection of all vectors Y in V of the
form

Y=5Y +s5Y,+ - +5Y, 51, ..., S ER
The span of Y, ..., Y, is denoted
[Yy, ..., Y1

A set of vectors X,, ..., X, in V is called a basis of V if it has the
following two properties:

(i) The span of X, ..., X, is ¥, and
(i) the set X,, ..., X, is linearly independent.

Suppose that X, ..., X, is a basis of V and consider a vector X in V. By
(i), there exist scalars c, ..., ¢, such that

X=c,X;+ " +cX. 1)
If ¢}, ..., c; is a second set of scalars, such that
X=ciX; + + X,
then
0=1(c, —c)X; + -+ (cp — )Xy

It now follows from (ii) that ¢, — ¢, =0, ..., ¢, — ¢, =0, and so, ¢, =cj,
¢,=¢5, ..., ¢, =c,. Thus, each vector X in V has one and only one
representation in the form (1). Conversely, if Xy, ..., X, is a set of vectors
in ¥, such that every vector X in V has one and only one representation
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in the form (1), then properties (i) and (ii) hold, and so, X, ..., X, is a
basis of V.

Exercise 1. Prove that if Y,, ..., Y, is any set of vectors in V, then [Y,, ..., Y,] is
a subspace of V.

Examples of Bases.

ExaMmpLE 1. The vectors E, ..., E, form a basis of R", called the standard
basis of R

EXAMPLE 2. Let V be the vector space of all vectors X in R" such that
Xy + x, + -+ x, =0. The (n — 1)-tuple of vectors

1 1 1
-1 0 0
o{,|—-1],....] O

is a basis of V.
Exercise 2. Verify that they do form such a basis.

ExAMPLE 3. The polynomials

1, x, x% ..., x
form a basis of the vector space P,,.
ExaMPLE 4. The polynomials

L14+x1+x+x2

form a basis for the vector space P,.

Exercise 3. Verify this.
Exercise 4. Exhibit a basis for the vector space T,.

Note: In our definition of a basis, we require that a basis of V consist of
a finite set of vectors in V. Most of the vector spaces we are interested in
have a basis (in fact, they have many different bases). However, not every
vector space has a basis in our sense.

ExaMPLE 5. The vector space P of all polynomials has no basis.

PRrROOF. Suppose the polynomials Py, ..., P, form a basis of P. Let d
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denote the largest degree of these k polynomials. Since x?*! € P, we have
a representation

xd+l =C1P1 + -+ CkPk.

The right-hand side is a polynomial of degree <d, while the left-hand side
has degree d + 1. This is impossible. So P has no basis.

Bases of R>. Let Aj, A,, A; be any linearly independent triple of vectors
in R®. We claim that A, A,, A; is a basis of R3. We can see this in the
following way: the collection of all vectors s;A; + s,A, with s,, s, € R is a
plane I1. By hypothesis, A; sticks out of II. If X is any vector in R3, we
may draw a line L through the tip of X which is parallel to A;. Then L
intersects IT at a point P. We now have: The vector OP = u, A, + u,A,
for certain scalars u,, u,. Also, the vector from P to the tip of X = wA,
for some scalar w. Since OP + PX = OX, we have

ulAl + uzAz + WA3 = X.

So our triple spans R3, and, being linearly independent by hypothesis, it
forms a basis for R3, as asserted. The situation in R" is similar for n > 4.
In studying this situation in R", we shall use a method of reasoning called
the Principle of Mathematical Induction: A statement concerning R" that
is true for a certain value of n (say n = 3) and that, whenever it is true for
R" is also true for R"*!, is true for every value of n = 3. This is because,
being true for 3, it must hold for 4, hence, for 5, and so on.

Theorem 5.1. Let A, A,, ..., A, be a linearly independent n-tuple ofvectors
in R". Then A, ..., A, is a basis of R".

ProOF. We shall show that if the statement of the theorem is true for a
certain value of n, then it is also true for n + 1.

We then suppose it is true for n. We consider a linearly independent
(n + 1)-tuple of vectors A;, ..., A,;; in R™'. We have to show that
[A,..., A ] =R

Figure 5.1
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v-(3)

where U, € R, z, € R. Similarly,

We can write

where U;e R, z;€ R, 2 <j < n + 1. Suppose that all z; = 0. Then,

U U,
Al =<Ig)l>’ A2=(02>,---, An+l =< O+l).

The n-tuple Uy, ..., U, in R" is linearly independent, for if ) j-, c;U; =0,
then Y7, ¢;A; = 0, and so, the ¢; = 0 for all j. Since Theorem 5.1 is true in R"
(by assumption), U, ..., U, is a basis for R", and so, U,,, = Y |-, t;U; for
certains scalars ¢;. It follows that

An+l = Z tJAI'
j=1

This is impossible. So the assumption that all z; = 0 must be false. Some
z; # 0, and by renumbering the A;, we get z,,, # 0. Then,

ajy
Api1,1
ais a
. n+1,2
Al = : 3 ceey All“’l = )
an+l,n
Ain
zn+l
Z

for certain scalars a;;. The last entry in the vector

Zy
)zn+l =0.
zn+l

z B
A -2 )A,,, = ¢
1 (zn+1> n+1 <0)

for some B, in R". Similarly,

z; B S
Aj - <z"—il‘) A'H’l = (Oj>’ Bj mn R s (2)
forj=1,...,n

The n-tuple B, ..., B, in R" is linearly independent, for otherwise some
linear combination of Ay, ..., A, will equal A,,,. (Do the calculation.)

Zl .
— A,y IS 21‘(

n+1

A -

So,
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Since Theorem 5.1 is true in R", these exist scalars Cis ---5 Cpy With

1
n 0
2 ¢Bj=|.| inR"
0
Hence,
1
n Z 0
,; c.f<Aj - (Z 2 )An+l) = = E1 in R"*1, (3)
J n+1 0
0

Let us write S for the span [A,, ..., A,,,]. The left-hand side of (3) is in
S,s0 E; €. Similarly E,, ..., E, € S. How can we capture E,,,? We have

An+l =dp41, lEl + o+ Q15 nEn + zn+1En+1'

So,
Zps1Epiy = Apyy — @iy, By — - —ayyy, E, €8,

Hence, z,,,E,,,; €S, and so, E,,, € S.

Thus, S contains every E; in R**! and, hence, S = R"*!. We are done.
We have shown that A, ..., A,,, is a basis in R"*'. So, Theorem 5.1 is true
in R"*!. Since Theorem 5.1 is true in R3, it follows that the theorem is true in
R" for every a > 3. It is also true for R? and R'. (Can you determine why
this is true?) So it is true for all n.

Corollary. Every (n + 1)-tuple of vectors in R" is linearly dependent.
Exercise 5. Deduce this corollary from Theorem 5.1.

We can use Theorem 5.1 and the corollary to get information about
bases in arbitrary vector spaces.

Let V be a vector space, and let C,, ..., C, be a basis of V. For each
vector X in V, we can write

X= Y xC @)

and the scalars x; are uniquely determined by X. We define a map ® from
V to R* as follows: for each X in ¥,
Xy
ox) = |7,
Xk
where the x; are defined by (4).
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Exercise 6. Prove that the map ® has the following properties:

O(sX + tY) = sd(X) + td(Y), VX,YeV,s teR %)
(We say: @ is a linear map).
If X#Y, then ®(X)# ®(Y). (6)
(We say: @ is one-to-one.)
If TeR then thereisan X in V with ®X)=T. )

(We say, ® maps onto R*).
Now, let V be a vector space with a basis By, ..., B, consisting of n
vectors and another basis C,, ..., C; consisting of k vectors.

Claim. k > n. Suppose the claim is false. Then k < n. We shall see that this
leads to a contradiction. '
For each X in V, we can write uniquely,

k
X = Z xiCi, X; in R,
Jj=1

and we define a map @ from V to R* as above by
Xy
xz .
OX)= | . for all X in V.
Xk

Consider the (k + 1)-tuple of vectors ®(B,), ..., ®(B,,,) in R*. By the
corollary to Theorem 5.1, this (k + 1)-tuple is linearly dependent, so there

exist scalars t,, ..., t,,, not all 0, such that
k+1
Zl t;0(B;) = 0. (8)
=

Using (5) in Exercise 6, we see that the left-hand side in (8) equals

k+1
o (2 thj).
Jj=1

k+1
Jj=1

k+1

=

So

and, hence, by (6),
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This is impossible, since B,, ..., B, is a basis of V and, hence, is linearly
independent. We have arrived at a contradiction.

So the claim is true and k > n. A similar argument gives n > k. Hence,
n = k. We have proven the following important fact about vector spaces.

Theorem 5.2. Let V be a vector space. Every two bases of V consist of the
same number of vectors.

If V is a vector space that has a basis of n elements, then every other
basis of V also has n elements. We define the dimension of V, denoted
dim V, to be the integer n. We say: V is n-dimensional.

EXAMPLE 6. dim R" = n, because the standard basis of R" has n elements.
ExampLE 7. dim P, = n + 1, because of the basis of Example 3.

Exercise 7. Calculate the dimension of the subspace of P, consisting of all polyno-
mials in P, with P(0)= P(1).

Do the same for the subspace of P consisting of all polynomials P in Ps with
P(0) = P'(0) = 0, where P’ denotes the derivative of P.

Exercise 8. Let V be a vector space of dimension n. Let C,, ..., C, be a linearly
independent k-tuple of vectors in V. Show that k < n.

Hint. Choose a basis By, ..., B, of V. As above, construct a one-to-one linear
transformation ® of ¥ on R". Consider the k-tuple of vectors ®(C,), ..., ®(C,) in
R", and use the corollary of Theorem 5.1 to conclude that k < n.

Exercise 9. Let V be a vector space of dimension n. Let W be a subspace of V.

(a) Show that W has dimension <n.
(b) Show that if W has dimension n, then W = V.



CHAPTER 5.2
Existence and Uniqueness of Solutions

Recall the inhomogeneous system (I) of k linear equations in n unknowns,
which we studied in Chapter 4.4. We consider the case k = n, where the
number of equations to be solved equals the number of unknowns, and we
shall use our results about bases in R" in the preceding chapter to study
the question of existence and uniqueness of solutions of the system (I).

We consider the vectors

n1 n2 Apn
and call them the column vectors of the system (I). Putting U = (uy, ..., u,)
and X = (x4, ..., x,), we can write (I) in the form

,ii x;C,=U. 1)

Claim 1. Fix U in R" There exists a solution X of the system (I') with U as
right-hand side if, and only if, Ue [C,, ..., C,].

PRroOOF. If there is a solution of (I'), then Ue[C,,...,C,]. Conversely, if

Ue[C,,...,C,], then there exist scalars ; so that U = Y%_, +,C;, and so,
ty, ..., t, solves (I').

Claim 2. [C,,...,C,]=R" if, and only if, the n-tuple C,, ..., C, is linearly
independent.
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PROOF. An n-tuple of vectors in R" is a basis of R" if, and only if, the
n-tuple is linearly independent.

Claim 3. The n-tuple C,, ..., C, is linearly independent if, and only if, the
homogeneous system (H),

ay Xy + a;x, + 0+ ay,x, =0,

Qpy Xy + A2 X2 + o+ AppXp = Oa

has 0 as its only solution.
Proor. (H) can be written in the form
n
Z xiCi = 0.
j=1

(H) has 0 as its only solution precisely when the n-tuple C,, ..., C, is
linearly independent.

Theorem 5.3. If the homogeneous system (H) has 0 as its only solution, then
the inhomogeneous system (I) has a unique solution for each choice of
right-hand side U.

Proor. Existence of a solution follows from the claims 1, 2, 3. Uniqueness
holds because if X and X' are solutions of (I) corresponding to the same
right-hand side U, then X — X' is a solution of (H) and so, by assumption,
=0.

Theorem 5.4. If the homogeneous system (H) has a non-zero solution, then
there exists U such that (I) has no solution for this U.

Proor. Claim 3 yields that the n-tuple Cy, ..., C, is not linearly indepen-
dent, hence, does not span R", so there exists U in R", which does not
belong to [C,, ..., C,], and so, (I) has no solution for this U.

Exercise 1. Show that if the column vectors Cy, ..., C, are linearly independent,
then (I) has a solution for each right-hand side U.

Exercise 2. Define row vectors R, ..., R, in R" by R, =(ay,, ..., a1,), etc. Show
that if the n-tuple of row vectors is linearly independent then (I) has a solution for
every U.



CHAPTER 5.3
The Matrix Relative to a Given Basis

In Chapter 3.2 we assigned to each linear transformation T of R3 a matrix
m(T) as follows:

X, (a;%;, + a,%, + a;x,
If T|x,| =|bxy+byx,+byx;|, then
X3 LC1X1 + C2X; + C3X;
a, a, a,
m(T)= |b; b, b,
€1 €2 €3

We shall now extend this definition to assign to each linear transforma-
tion T on an n-dimensional vector space V with a given basis B an n x n
matrix called the matrix of T relative to the basis B, and denoted mg(T).

If X is a vector in ¥, then X has an n-tuple of coordinates X1y eons Xy
relative to B given by the equation
X= Z x;B;, (1)
=
where By, ..., B, are the vectors making up the basis B. The vector TX
has an n-tuple of coordinates y,, ..., y,, such that
TX = 21 y;B;. 2)
f=
We shall exhibit an n x n matrix
all a12 e aln

az1 Q3 ... Gy,

Ay Ay ... QG
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such that
Ay Gy ... Gy, [ X Y1
z1 G2 ... Ggq| [X2]| _ |2
anl an2 Lo ann xn yn
that is, such that we have
n
V=73, a1;%;
j=1
n
Y2 = 21 azjX;
=
3
n
Yn = Z AnjX;j
Jj=1

for every vector X given by (1).

We choose the numbers a;; as follows: since B,, ..., B, forms a basis, we
can find scalars a;, 1 < i, j < n, such that

TBI = kzl alek,

TB, = kzl a2 By,

TB" = Z akan.
k=1
Applying T to equation (1), we get
x]TBJ = Z xj Z aijk = Z (Z a,‘]xj) Bk'
=1 T k=1 k=1 \j=1

It now follows from (2) and the fact that the B, are linearly independent
that

TX =

™M=

Jj=1

n
Ve= Y ayx;, k=1,2,...,n
=

Thus, (3) holds, as claimed.

Definition 1. The matrix

ay; 4y ... G4y
a21 a22 e azn
any Gp2 .- Apn

is called the matrix of T relative to the basis B, and is denoted mp(T ).
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Exercise 1. Show that the columns of the matrix mg(T) are the coordinate n-tuples
of the vectors TB,, TB,, ..., TB,, relative to the basis B.

ExaMPLE 1. Let ¥V be R? and let T be the linear transformation of R2
given by the equations
x' = 2x + 3y,

’

y=x—y

1 -3
Take B to be the basis: B, = <1>, B, = ( 2). Then

5 1 -3
TB, = <0> = 2(1) + (—1)( 2) =2B, + (= 1)B,,
TB, = (_g) = (—3)<i> + (—1)(‘2) = —3B, + (- 1)B,.

Thus, the coordinate pair of TB, relative to the basis B is (2, —1) and
that of TB, is (—3, —1). By Exercise 1, then,

mn(T)=<_? :i)

EXAMPLE 2. Let S be the linear transformation of R2 given by equations:
x' = 3x + 4y,
Yy =4x — 3y.

Let B’ be the basis B, B, where B, = (f) B, = <_ ;) Then,

5(1)=(5)-5() (7).
o(73)= ()=o) -

mg.(S) = ((5) _(5)>

Note: mg.(S) is simpler than the matrix

(¢ )

of S relative to the standard basis E,, E,. This is no accident. B’ is a basis
that is tailor-made for the transformation S. (Compare Example 4, Section
2.6). More generally, given a linear transformation T of a vector space V, a

Hence,



250 Linear Algebra Through Geometry

good choice of basis B may yield a matrix mg(T), which has a simple
form. In Section 7.0 below, we shall pursue such a good choice of basis for
an important class of linear transformations, the self-adjoint transforma-
tions.

Theorem 5.5. Let S and T be two linear transformations of V and B a basis
of V. Then,

mg(ST) = my(S)  my(T). (4)

Proor. We put t = myg(T) and s = mg(S), and we write t; for the (i, j)-
entry of the matrix ¢, and s;; for the (i, j)-entry of s.

Fix a vector X in V and let x,, ..., x, be the coordinates of X. Also, let

Vi, ---» V. be the coordinates of TX and z,, ..., z, the coordinates of
(ST)(X) = S(TX). Then,

n
yi=zte,-xj, i=1,...,n
j=1
and
n
Zk=,lek:y.~, k=1,...,n
&

Hence,

M=

Zy =

n n n
Ski 2, X = ), (Z s,‘,»ti,) Xjs
1 Jj=1 j i=1

j=1

Z = i (5" t)jx;.
=1
It follows that the matrix s-t = mg(ST), and so,
my(S)- mg(T) = mg(ST),
that is, (4).

Change of Basis. Given two bases B = (B,, ..., B,) and B' = (B}, ..., Bﬁ,) of
the vector space V. Each vector X receives two n-tuples of coordinates
(xy,..., x,) and (xi, ..., x,), where

X = i x;B; and X = Y x;B;.
= =1

Exercise 2. Show the following:

(a) There exist matrices ¢ = ((c;)) and d = ((d;j)), such that whenever (Xgseers Xn)
and (x}, ..., x,) are n-tuples of coordinates of a vector X, as above, then

X j=L..,m (5a)

™M=

,__
X; =
k

1
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and

=% di, j=t.n (5b)

(b) ¢ and d are uniquely determined by the relations (5a) and (5b).
(c)d=c".

We use this Exercise in the following proof.

Theorem 5.6. Let B, B' be two bases of the vector space V and T be a
linear transformation of V. Then

mg(T) = cmg(T)c ™", (6)

where c is the matrix in (5a).

ProOF. Let X be a vector in V and put Y = TX. Let (xy,...,x,) and
(¥1,.--» ¥s) be the coordinate n-tuples of X and Y relative to B, and let
(x4,..., x,) and (y}, ..., y;) be the coordinate n-tuples of X and Y relative

to B'. Put
a=mg(T) and a' = mg(T),

’

and let a;, respectively, a;;, be the (i, j)-entry in a, respectively, a’. Fix i.

Then
Y= Z CinVk = Z Cik (Z aijj> = Z (Z Cik“kj) Xj
k=1 k=1 7 7 \%
= 2}: (ca);x; = Z (ca); <Zl: d,-,x,’) = ; (Z (ca),.jdj,> X,
J J

= El: (cad); x;.

Hence,
cad = a'.

So

cmy(T)c™" = my(T),
that is, (6) holds. We are done.

ExAMPLE 3. V = P, = the space of polynomials x of degree <2. Let D be

. . L . d
the transformation of differentiation, that is, Df = d—f

X
fin P,. Since the derivative of a polynomial of degree <2 is another such
polynomial, and since differentiation is a linear operation, D is a linear

transformation of P,. We let B be the basis

for each polynomial

B,=1, B,=x, B;=x%
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Then,
DB, =0 = 0B, + 0B, + 0B,,
DB, =1 = 1B, + 0B, + 0B,,
DB; = 2x = 0B, + 2B, + 0B,.
So,

mg(D) =

S O O
S O -
SN O

Exercise 3. T is the linear transformation of R3 given by equation
Xp=X; — X3,
X3 = X; — X3,
X3 = X; — X;.

Find a basis B of R, such that

00
mg(H= |1 0
01

o o o

Exercise 4. V = P,. Take as basis B: 1, x, x2, x> Let T be the transformation:
f(x) = f(x + 1) of P into P. Find the matrix mg(T).

Exercise 5. V is the space of all functions
f(x) = acos(x) + bsin(x), a, b in R.

Let T be the transformation of ¥ which sends f(x) into f(x + =) for each f, and let
B be the basis of V with B, = cos x, B, = sin x.

(a) Show that T is a linear transformation of V.
(b) Calculate mg(T).



CHAPTER 6.0
Vector Spaces with an Inner Product

We found it useful to introduce the dot product of two vectors in order to

study the geometry of RZ and R3. There is a natural generalization of the

dot product to an arbitrary vector space, which is called an inner product.
Let V be a vector space. An inner product (, ) on V is a rule that

assigns to each pair of vectors X, Y in ¥ a real number (X, Y) in such a
way that

if X;, X,, YeV and a, b e R, then 1)
(aX, + bX,,Y)=a(X,,Y) + b(X,, Y);
if X, Y e ¥, then V)]
X, Y) = (Y, X);
X,X)>0if X#0and (0,0)=0. (3)
Properties (1) and (2) imply
IfX,Y,,Y,eVanda, beR, then (1)

(X, aY, + bY,) = a(X, Y,) + b(X, Y,).

We express properties (1) and (1') together by saying that the inner
product is bilinear, property (2) by saying that the inner product is
symmetric, and property (3) by saying that the inner product is positive
definite.

We recognize these three properties as familiar rules for the dot product
on R? and R3.

Two vectors X, Y in V are called orthogonal (we write: X LY) if

(X,Y) = 0. The length of the vector X in V, denoted |X]|, is defined by
IX| = (X, X).
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Examples of Inner Products

ExampLE 1. Let V' = R". For
X=|:],Y=|:|eR"

we put

n
X, Y) =Xy + X2y, 4+ + XY= 2. XV
=1

ExaMPLE 2. V is a subspace of R". For X, Y in V, define (X,Y) as in
Example 1. Then (, ) is an inner product on V.

ExampLE 3. V = P,. For
n : n .
f=Y ax), g=3% bxI
j=0 j=0
in P,, define
1
(f,9)= j f(x)g(x) dx.
0
Verify that this definition makes ( , ) an inner product on P,.
Exercise 1. Express (f, g) in terms of the coefficients a, ..., a,, by, ..., b,.
ExamprLE 4. V =T,. For

n
f=ay+ 21 (a; cos jx + b; sin jx),
IS

g=ay+ i (aj cos jx + bj sin jx),
1
define (f, g) = 3" f(x)g(x) dx.

Exercise 2. (a) Show that (, ) is an inner product on T, (b) Express (f, g) in
terms of the coefficients a;, b;a;, b;.

Exercise 3. With the inner product on P, given in Example 3, (a) find a non-zero
vector h in P, such that h L 1 and h L x. (b) Show that if ke P, andifk L1, kLlx

and k L x?%, then k = 0.



CHAPTER 6.1
Orthonormal Bases

Let V be a vector space. Let B, ..., B, be a basis of V. To each vector X,
we let correspond a set of scalars x,, ..., x, called the coordinates of X
relative to the basis By, ..., B,, by putting:

X = xlBl + x2B2 + - +x'an'

Usually, it is laborious to compute the coordinates of a given vector.

EXAMPLE 5.
2 1 3
-1, |1}, |5
-2 0 1
1
is a basis of R3. What are the coordinates of the vector X = |0| relative
0
to this basis?
We write
1 2 1 3
X=|0| =x; |1 +x, |1| +x3|5| or
0 -2 0 1

1 = 2x1 + xz + 3X3
0= —x; +x;+ 5x;3 )
0=—2x, + X3



256 Linear Algebra Through Geometry

Solving the system (4), we find

X3 =2X,,

and so
1 =2x; + x5+ 6x; =8x; + x,

0= —x; +x; + 10x; = 9x, + x,.
So,

X,=—9x; and 1=8x; —9x;, = —x,,
sO

x;=—-1x,=9,x3=-2.

So —1,9, —2 are the coordinates of X relative to the given basis.

As you see, we can do it but it takes a bit of work. For a certain class
of bases, the problem of calculating the coordinates of a given vector
relative to the basis is very easy. These are the so-called orthonormal bases.

Let V be a vector space with an inner product ( , ). An orthogonal set
of vectors in V is a set of vectors X, ..., X;, such that X; L X; whenever
i#j.

Exercise 4. Let X, ..., X, be an orthogonal set of vectors in ¥, with X; # 0 for
each i. Show that X, ..., X, is a linearly independent set in V.

An orthogonal set of vectors, each of which has length 1, is called an ortho-
normal set of vectors. I, in addition, the set of vectors is a basis, we call it an
orthonormal basis of V. Thus, By, ..., B, is an orthonormal basis of V provided
that (a) (B;,B)) =0 if i # j, (b) (B;,B;) = 1 for each i, and (c) By, ..., B, is a basis
of V.

Theorem 6.1. Let B,, ..., B, be an orthonormal basis of V. Let X be a
vector in V, and let x,, ..., x, be the coordinates of X relative to the basis
B,, ..., B,. Then,

x;i=(X,B), i=1...,n %)
Proof. X = x,; B, + -- + x,B,. Take the inner product of this equation

with B; for some value of i and use the bilinearity of the inner product.
Then

(X, B)) = x,(B;, B) + x;(B;, B;) + =" + x,(B,, B)).
Since (B;, B;) = 0 whenever j # i and (B, B, = 1, this gives (X, B;) = x;, as

was to be shown.

EXAMPLE 6. V, is the vector space which is the plane 2x + 3y + 4z =0 in
R?, and the inner product on V, is that given in Example 2. We seek an
orthonormal basis of V,: We have (—3,2,0)€ V and (2, 3, 4) is a normal
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vector to ¥,. Hence, the cross-product of these two vectors: (8, 12, —13) is
in ¥, and is orthogonal to (—3, 2, 0). Thus,

1
———(-3,2,0) and X, = :
J9+4 V82 + 122 + (- 13)?

is an orthonormal basis for V.

1

(8,12, —13)

Theorem 6.2. We use the notation of Theorem 6.1. Fix X € V. Then,

IXP = 3 (%, By ©)

PrOOF. X = Y, x;B;, where x; = (X, By).
X, X)= (Zl: x;B;, ; ijj).
Using the bilinearity of the inner product, we get
IXP = (%, %) = 3 xox(B, B) = 5t = 3. 0, B)?
as was to be proved.
Using the same method, we can prove a generalization of Theorem 6.2.

Theorem 6.3. Let X, Y be two vectors in V. Then,

X,Y) = z (X, B,)(Y, B,). (1)

Give the proof of this Theorem.

Existence of an orthonormal basis. Let V be an n-dimensional vector space
with an inner product (, ). Then V has a basis B, ..., B,. We shall
construct an orthonormal basis for V, and our method of construction will
be Mathematical Induction, as in the proof of Theorem 5.1.

Claim. For each k, 1 <k < n, the subspace [B,,..., B,] has an ortho-
normal basis.

. By .
ProOOF OF CLAIM. For k = 1, the one-element basis —~ is an orthonormal

By |
basis of [B,].
Suppose that the claim is true for k. Let Gy, ..., G, be an orthonormal
basis for [By, ..., B,]. Put

k
C=B., — Z1 (By+1, Gi), Gi.
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If C = 0, Bk+1 = 25‘=1 (Bk+l’ G,)GJ. SO Bk+1 € [Gl’ ey Gk] = [Bl’ ceny Bk]’
contrary to the fact that B,,; is not a linear combination of By, ..., B,.
So, C # 0. Put

C
Gy = |—‘|
Then,
k
Bk+1 = Zi (Bk+la Gi)Gi + |C|Gk+1- (8)
Hence,
Bk+l =D+ |C|Gk+1a )

where D € [G,, ..., G,] = [B,, ..., B,]. Equation (8) yields B,,, € [G,,...,
G, ) Also, By, ..., B, e[G,,..., Gy, ]. Hence, [B,,...,B,;1<[Gy,...,
G,,:]. Equation (9) gives that G,,, € [B,,..., B, ]. Also, Gy, ..., G, €
[By,..., By ] Hence, [Gy, ..., G 1 S [By,.... Byt

If we are given two sets of vectors, each of which is contained in the
other, then the two sets are equal. So

[G1s- s Gir1=1[By, ..., Byyy ] (10)
For each j <k,
(C, Gj) = (Bk+1’ Gj) — (Bysss Gj) =0.

1
IC
is an orthonormal set of vectors. Because of (10), then, G,, G,, ..., G4, is
an orthonormal basis for [B,, ..., B, ]

So the claim is true for k + 1. Since the claim is true for k=1, it

follows that it is true for k =2, 3, ..., n. Then G4, ..., G, is an ortho-
normal basis for [By, ..., B,] = V. We have proved the following:

Since G,,; = — C, hence, also (G+;, G;) = 0. It follows that Gy, ..., G4y

Theorem 6.4. Let V be an n-dimensional vector space with an inner product.
Then V has an orthonormal basis Gy, ..., G,.

This process is called Gram—Schmidt orthonormalization.
Exercise 5. Find an orthonormal basis for each of the following subspaces V' of
R*, where the inner product on V is as in Example 2.

(a) V has the equation x, = 0;
(b) V has the equation x; + X, + X3 + X4 =0;
(c) V is given by the equations x; = x, and x3 = X,.

Exercise 6. Find an orthonormal basis for the space T, of all functions:
f(x) = ag + a, cos x + by sin x + a, cos(2x) + b, sin(2x),

where (f, g) = 3" f(x)g(x) dx for f, g in T, gives the inner product.
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Exercise 7. (a) Find an orthonormal basis for the space P, consisting of all poly-
nomials P(x)=a+ bx + cx?, where a, b, c are scalars, and (P, Q)= 1, P(X)Q(x) dx
for P, Q in P,.

(b) Expand the polynomial x? in the form:

x?=1,B, + t,B, + t;B,,

where B;, B,, B, is the orthonormal basis you have chosen.
(c) Verify the formula (6) in this case, i.e., show that

2 2 2 2
A x) =t + 2+ 13

by direct calculation.



CHAPTER 6.2

Orthogonal Decomposition of a
Vector Space

Let IT be a plane through the origin in R?, and let L be the line through
the origin that is orthogonal to IT. Then every vector X in R3 can be
expressed in the form

X=U+V, (11)

where UelIl and V € L.

Now, let ¥ be a vector space with an inner product (, ) and let IT be a
subspace of V. We should like to have a generalization of formula (11) to
this situation.

We say that a vector Z in V is perpendicular to 11 if Z L B for each B in
I, and we denote by IT+ the set of all vectors in V that are perpendicular
to I1. So IT+ is a replacement for the line L above. The generalization of
(11) that we seek is the formula

X=X+2, (12)
where X is a given vector in V, X is a vector in IT, and Z is a vector in
.

Exercise 1. Show that IT* is a subspace of V.

Let X,, ..., X, be an orthonormal basis of IT.

Exercise 2. Let X be a vector in V and put
Z=X- Z‘; X, X)X..
Show that Z belongs to IT*. -
Fix Xe V. Put X=Y' (X, X)X;. Then XeIl Also, by Exercise 2,
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Figure 6.1

Figure 6.2

Z e I1*. Finally,
‘ —
X=Y X,X)X;+Z=X+2Z

i=1
So we have the desired formula (12). Since (12) holds for each vector X in
V, we regard (12) as giving an orthogonal decomposition of the whole space
V into a sum of the two mutually orthogonal subspaces IT and IT+.

Now consider an arbitrary vector A in I1. Then
1
A=Y (A X)X,
i=1

and so

X—A= i [(X, X,) — (A, X,)]X, + Z.
i=1
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Exercise 3. (a) Using the fact that Z = X — X, show that
] —
IX—AP =Y (X, X) — (A, X)? + X = X]*.
i=1
(b) Deduce that |X — A| > |X — X] unless A = X.
(c) Conclude that X is the vector in IT closest to X.

Exercise 4. Let IT be a subspace of V and let X be a vector in V. Let X* be the
vector in IT that is closest to X. Show that X — X* is perpendicular to II.

Exercise 5. Let X be a vector in V. Show that the representation of X given in (12)
is unique, in the sense that if

X=X'+7Z and X=X"+17",

where X’ and X" belong to II, and Z' and Z” belong to IT*, then X' = X" and
ZI = ZII.

Exercise 6. We use the preceding notation. Define a transformation P of the
vector space V to itself by putting

1
P(X) = ; X, Xp)X;

for each X in V. Show that the following are true:

(a) P is a linear transformation of V.

(b) P2 =P.

(c) For all X, Y in V, we have (PX, Y) = (X, PY).

(d) The range of P (ie., the set of all values taken on by P) equals the sub-
space I1.

P is called the orthogonal projection of V on IL



CHAPTER 7.0
Symmetric Matrices in n Dimensions

In the cases of dimensions 2 and 3, we have seen that a special role is
played by symmetric matrices, those matrices that are equal to their own
transposes. The same definition works in R" for n > 4, and as in the case
of lower dimensions, these matrices have special properties that make
them particularly valuable in the analysis of quadratic forms.

Recall that the transpose of an n x n matrix m with entry ag;; in the ith
row and jth column is the matrix m* with a¥ = a;;. Thus, the matrix m* is
obtained by reflecting the entries of m across its diagonal. A matrix is
symmetric if it is equal to its own transpose, so m* = m, or, equivalently,
a; = a;; for all i, j. We shall write (X, Y) for X-Y if X, Ye R".

A linear transformation T of R" is said to be self-adjoint if for all
vectors X and Y the inner product of X with TY is the same as the inner
product of TX with Y. The matrix of a self-adjoint transformation (with
respect to the standard basis) is symmetric. This is so because the jth
column of the matrix m(T) of T is given by T(E;), so {TE;, E;> = a;, and
(E;, TE;) = a;. Since T is self-adjoint, these are equal.

Exercise 1. Show, conversely, that if T is a linear transformation of R" with a
symmetric matrix, then T is self-adjoint.

In three dimensions, we proved an important result about the eigen-
vectors of a self-adjoint linear transformation, the fact that eigenvectors
corresponding to distinct eigenvalues are perpendicular. That proof did
not use coordinates, and it works just as well in n-dimensional space: If
TX =tX and TY = sY, where s # t, then

(X, Y) =X, YY) =(TX, Y) =X, TY) = (X, sY) = s<X, Y).
But, since s # ¢, this can only happen when (X, Y) = 0.
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In three dimensions, we used the fact that every linear transformation T
has a real eigenvalue to obtain an orthonormal basis for R? consisting of
eigenvectors of T, (Spectral Theorem in R*® in Chapter 3.7). As we have
seen, however, not every linear transformation of R* has a real eigenvalue.

Nonetheless, we shall show that every self-adjoint linear transformation
T of R* does have a real eigenvalue, and, moreover, that there is an
orthonormal basis of R* that consists of eigenvectors of T.

To prove all this, we shall use a device frequently used in mathematics
when one wishes to construct a certain mathematical object: assume that
we have the object already, find out what properties it will have and use
those properties in our construction. Let us then consider a linear trans-
formation T of R* that possesses eigenvectors X; with TX; = 4,X,,i =1, 2,
3, 4, where the 4, are real scalars and the set X;, ..., X, is an orthonormal
basis of R*. We define the function Q(X) on R* by

2(X) = (TX, X}

for each X in R*. Since the X; form an orthonormal basis of R*, we have
X= ‘il X, X)>X; and [X|*= ii:l X, X)?2
for each X in R%, and so TX = Y £, 4,<X, X>X; and
o0X) = <i‘; X, X >4 X, ig X, X,~)X,> = ig:l 2<X, X2 (1)

By suitable labeling of the eigenvectors, we can assure that A, is the
largest of the 4 eigenvalues, then, by (1) we have

0X) < § (X, X%, = 11X @

We denote by I the “unit sphere” in R* consisting of all vectors X with
IX| = 1. By (2), Q(X)< 4, for all X in T. Also, Q(X;) =<TX,X;) =
A, X1, X, = A<X,, X;) = 4;. Thus, we have 9(X) < Q(X,) for all X in
I. So we have found: the function Q(X) attains its maximum value on the
unit sphere I at the vector X;.

Let us now turn this argument around: we consider a self-adjoint linear
transformation T on R*. We form the function Q(X) = {TX, X) defined
for all X in R*. .

It can be shown that every continuous function defined on a sphere in
R* takes its maximum value at some point of the sphere. Let Z be a
vector in ' where Q(X) takes on its maximum value on T, that is, such
that Q(X) < Q(Z) for all X in I'. .

Choose a unit vector Y perpendicular to Z. Then, for each ¢ in R,
cos(¢)Z + sin(4)Y is also a unit vector.

We define a function f(¢) by

f(9) = Q(cos($)Z + sin(§)Y).
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Since Q(X) takes on its maximum value on I' at Z, f(¢) takes on its
maximum value when ¢ = 0. Now,

f(8) = {T(cos($)Z + sin($)Y), cos(¢)Z + sin(4)Y)
= cos?(#)(TZ, Z) + cos(p) sin(¢)[{TZ, Y> + <(Z, T(Y)>]
+ sin2($)<TY, Y).
Hence,
f'(@) = —2 cos(g) sin($)<TZ, Z) + (cos*(¢) — sin*(¢)) [ TZ, Y)
+<Z, TY)] + 2 cos(¢) sin(¢)<TY, Y).

Since f(¢) takes on its maximum value at ¢ = 0, we have f'(0) = 0. It
follows that {TZ, Y) + (Z, TY) = 0.

Since T is self-adjoint, <(Z, TY) = (TZ, Y), so 2{TZ,Y) =0, and so
(TZ,Y) = 0. We have shown that every vector Y perpendicular to Z is
also perpendicular to TZ. This can only happen if TZ is a scalar multiple
of Z (prove this!), and so Z is an eigenvector of T. Thus, we have found: if
0(X) = (TX, X)> takes its maximum value on I at Z, then Z is an
eigenvector of T.

Moreover, we have shown that the hyperplane consisting of all vectors
Y perpendicular to Z is mapped into itself by T.

Next, let ¥ be an n-dimensional vector space with an inner product
<, > and let T be a self-adjoint linear transformation on V. We form, as
before, the function Q(X) = (TX, X) defined for all X in ¥, and we choose
a point Z on the unit sphere I of ¥, such that Q(X) assumes at X = Z its
maximum value on I'. By exactly the same argument we used above in R*,
Z is an eigenvector of T and, furthermore, if V' denotes the subspace of V
consisting of all vectors in V that are perpendicular to Z, then T maps V'
into itself. The restriction of T to V' is then a self-adjoint linear transfor-
mation on V’. If we apply the preceding argument to this transformation
on V', we obtain an eigenvector X’ of T in V', with |X’| = 1, and further,
T maps the subspace of V' consisting of all vectors perpendicular to X'
into itself. Also, since X' e V', X' is perpendicular to X. Continuing in this
way, we obtain a succession of subspaces V, V', V", ..., each contained in
the preceding one and of dimension 1 less than it, and a succession of
mutually orthogonal unit eigenvectors of T, Z, X', X", ..., such that Z e v,
X'eV’, X"e V", and so. This succession must stop after n steps, when
we have reached a subspace of dimension 1. In this way, we obtain n

mutually perpendicular unit eigenvectors of T in V. We have proved the
following:

Theorem 7.1 (Spectral Theorem in Dimension n). Let V be an n-dimensional
vector space with an inner product { , >, and let T be a self-adjoint linear
transformation on V. Then, there exists an orthonormal basis of V that
consists of n eigenvectors of T.
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The characteristic equation. Recall that we found the eigenvalues of a
symmetric matrix in 2 and 3 dimensions by solving a certain polynomial
equation, called the characteristic equation. The situation is similar in R"
forn > 4.

Let T be a self-adjoint linear transformation of R" with symmetric
matrix m = ((a;)). If A is an eigenvalue of T, then there is a corresponding
vector X # 0 in R" with TX = AX or (T — A)X = 0. Expressed in terms of
coordinates, this becomes, if X = (x,, ..., x,),

n
Y ayx;—Ax; =0, j=1,2,....,n or
=/

(a“ - ).)xl + Ai2Xy + -+ ApX, = 0,

a1 Xy + (a3, — Xy + - + ay,x, =0, (3)

Ay Xy + AppXy + 0 + (ann - l)xn =0.

Thus, the homogeneous system (3) has a non-zero solution, and so, the
determinant of the corresponding matrix is 0, that is, we have

ay —4 aiz Ain
az; a3 — A4 - A | _ 0 @
(% a2 tt Qup — A

Each of the steps of this argument is reversible, and so, if (4) holds for a
given number A, then there exists a non-zero vector X such that TX = iX.

The equation (4), thus, is a necessary and sufficient condition on a
number A in order that 4 is an eigenvalue of T.

If we expand out the determinant, we see that (4) can be written in the
form

(=1A"+ B, A" + ByA" 2+ + B, 1A+ B, =0, )

where B,, B,, ..., B, are certain constants. Finding the eigenvalues of T
then amounts to finding the roots (solutions) of the polynomial equation
(5) of degree n. Equation (5) or, equivalently, equation (4), is called the
characteristic equation of the transformation T.

Eigenvalue problems occur frequently in applications of linear algebra
in science, engineering, statistics, economics, etc. For this reason, computer
programs have been written to solve the characteristic equation (5) or to
find alternative ways of calculating the eigenvalues of a given n x n
matrix.

Let us compute the eigenvalues in a simple example to illustrate the
preceding theory.
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ExaMPLE 1. Let T be the transformation of R* with matrix

S O N
S O W N

The characteristic equation here is

6—-1 2 0 0
2 3—4 0 0
5

0
0
3-1 0 0 2 0 0
6—-A4] 0 5-4 5 | —-2{0 5—-24 S | =0, or
0 5 5-1 0 5 5—14

6—-AHB-HLE-H*—251-2-2[(5—-41*—25]1=0, or

(A2 =91+ 14)(A2 —100) =0, or

A—-7A =214 —-10)=0.
The roots are 7, 2, 0, 10, so these are the eigenvalues. Let us find an

eigenvector with eigenvalue 7, that is, find X = (x4, ..., x4) with TX = 7X.
Then,

6 2 0 0)(x, X,
2 3 0 0f|x, X5

=17 ,
005 5[|x, X,
00 5 5)|(x X4

6x1 + 2X2 = 7x1
2x1 + 3x2 = 7x2
5x3 + SX4 = 7X3,

5x3+ 5x4 = Tx,

N
_xl + 2x2 = 0
2x; —4x, =0
—2X3 + SX4 =0

X3 = X4.
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Hence,
X, =2x5,3x3 =0, x3 = x4.
So X =(2,1,0,0) is an eigenvector with eigenvalue 7. The other eigen-
vectors with eigenvector 7 are scalar multiples of X. (Why?)

Exercise 1. Find the eigenvectors of the transformation T of example 1 corre-
sponding to eigenvalues 2, 0 and 10.

Exercise 2. Find all the eigenvalues and eigenvectors for the linear transformation
of R with matrix

-3 1 1 1
=3 1
"= o131
1 1 1-3

Hint: Recall the transformation Q in Chapter 4.1, and reason geometrically.



CHAPTER 7.1
Quadratic Forms in n Variables

In Chapter 3.8 we considered a quadric surface in R* with the equation
ax? 4 2bxy + 2cxz + dy? + 2eyz + fz* =1, 1)

where a, b, ¢, d, e, f are constants.

If we denote by Q(x, y, z) the polynomial ax? + 2bxy + 2cxz + dy* +
2eyz + fz2, in the variables x, y, z, then equation (1) becomes: Q(x, y, z) =
1.

We proved Theorem 3.12, which told us that we may choose new
coordinates u, v, w in R® in such a way that if we express Q(x, y, z) in
terms of these new coordinates, we have the formula

Q(X, Y, 7)= tluz + tzvz + t3W2, )

where t,, t,, t; are constants. It follows that when expressed in the new
coordinates, our surface has the simple equation:

tluz + 12152 + t3W2 = 1. (3)

From equation (3), if t,, t,, and ¢, are not equal to zero, it is easy to tell
whether the surface is an ellipsoid (possibly a sphere) or a hyperboloid.

We shall now study the corresponding situation in n variables. We
consider a homogeneous second-degree polynomial in the n variables x,,
ey Xyt

Q%10 Xy) =

i

a"jxixj,

-

where the a; are constants and a; = a;; for each i, j. Writing this out, and
combining terms a;;x;x; and a;;x;x;, we get
Q(x1s.oer X)) = a1 X2 +2a1,x,x5 + -+ + 2a,,%, X,

+ @y5%3 + 2a,3%,%X3 + 0+ 2a3,X,%, + 0+ ApyX2.
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Our problem is to choose new coordinates u,, ..., u, in R" such that
expressed in the new coordinates

Qxys s Xp) = Lyl + taul + o0 + tyuy. 4

Such polynomials Q(x,,..., x,) often occur in problems in geometry,
statistics, mechanics, advanced calculus, etc., and formula (4) greatly sim-
plifies dealing with them.

To obtain formula (4), we shall use the Spectral Theorem we proved in
Chapter 7.0. Let m denote the symmetric matrix with entries a;;, and let A
be the linear transformation of R" whose matrix is m. If X is the column
vector (xy, ..., X,), then

Ay Gy o G| | X

a21 a e a X
Ax — 2 22 2n ‘2 ,

Ayy Gy 0 Gy Xn

and so, X-AX = Y1 x,(Yn ayx) = Y japxix; = Q(xq, ..., X,).

Since A has a symmetric matrix, and so is self-adjoint, the Spectral
Theorem applies to A and there exists an orthonormal basis G,, G,, ...,
G, of R" with AG; = t;G;, j =1, ..., n, where the t; are the eigenvalues of
A. Then if X is a vector in R", we have X = 27=1 u;G;, where uy, ..., u,
are the coordinates of the vector X in the coordinate system whose axes
lie along the basis vectors G, ..., G,. Then

X-AX = <i uiG,)-(z“1 uitiGi> = .; ult;,

i=1

$0 Q(xy, ..., X,) = .1y t;u?. Thus, we have the following:

Theorem 7.2. Let Q be a quadratic polynomial in n variables given by
QXy,.-05X,) = Z;’) j=1 @;jX;X;, where the a;; are constants such that a; = aj;.
Then there exists a coordinate system with coordinates denoted u,, ..., u,
such that for every vector (xy, ..., X,) we have

n
Q(xls'-"xn)'—' Zl ti“iz’ (5)
=
where (uy, ..., u,) are the new coordinates of (xy, ..., x,) and ty, ..., t, are
fixed scalars depending upon Q. The new coordinate axes, (u-axes), lie
along the eigenvectors of the linear transformation A whose matrix is ((a;)).

Note: A homogeneous polynomial, each of whose terms is of the second
degree, is called a quadratic form. Theorem 7.2 tells us that an arbitrary
quadratic form in n variables can be written as a diagonal quadratic form:
Y, t;uf in suitable coordinates u;.
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EXAMPLE 1. Let Q(xy, X3, X3, X4) = X1 X5 + 2X3X,. We wish‘ to write Q as a
diagonal quadratic form in new coordinates u, ..., Us- First, we have to
write Q in the form Y7 ,_; a;x;x; with a;; = a;;, and then we must form the
matrix m = ((a;)).

Xy X5 + 2X3%s = 0x3 4+ 3x3%5 4+ O0xyx3 + 0x3 x4 +
1x,x, 4+ 0x3 4+ 0x,x3 4+ 0x;x4 +
0x3%; + 0x3x; +0x3  + Ix3xs +

0x,x; + 0x4x, + 1x4x3 + 0XF.

So,
0 1 0 0
1000
=10 0 0 1|
0010

7

The eigenvalues of m are the roots of the characteristic equation
YA ; 0 0
1 -1 0 0
0 0o -1 1
0 0 1 -2

Evaluating the determinant, as we did in Chapter 4, we see that equation
(6) is equivalent to

=0. (6)

(A -n@*-1n=o0.

So the eigenvalues t; are: 3, —3, 1, —1. If we choose the u;-axes along the
corresponding eigenvectors, we obtain from Theorem 7.2 that,

X1Xp + 2x3%4 = 3u? — 3ud + ud — ul.

Exercise 1. Find the corresponding eigenvectors in Example 1, and calculate the
change of coordinate formulas that express u,, u,, u;, u, in terms of x,, x,, x3, X4.

The diagonalization of a symmetric n x n matrix. If m is a given matrix
and if we can find a diagonal matrix d and an invertible matrix r, such
that

m=rdr’},
then we say that we have diagonalized the matrix m. In Chapter 3.7, we
showed how we may diagonalize a symmetric 3 x 3 matrix, and we shall
now solve the corresponding problem for an arbitrary symmetric n x n
matrix. As in the preceding result about quadratic forms, the Spectral
Theorem plays a key role in our solution.
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If b= ((b;)) is any n x n matrix and X = (x,,..., x,) is a vector in R",
we write: bX for the vector Y = (y,, ..., y,), which is the result of b acting
on X. This means that

yi = Z b,"xj, i=1..,n

Jj=1
If E, denotes the vector in R" whose kth entry is 1 and whose other
entries are 0, then bE, is the kth column vector of b.

An n x n matrix b is called an orthogonal matrix, just as in the case

=3 we discussed in Chapter 3.6, if b~ = b*, that is, if the inverse of b
equals the transpose of b.

Let m be a symmetric n x n matrix, and denote by 4, the linear
transformation of R" whose matrix in m. By the Spectral Theorem, there
exists an orthonormal basis X, ..., X, of R" consisting of eigenvectors of
A. Then mX; = t,X;, where t,, ..., t, are the eigenvalues of 4. Let p be the
matrix (X,]X;|---|X,), whose columns are the eigenvectors X;. Since X,,
..., X, is a basis of R", p has an inverse p~!. We define by d the diagonal
matrix with entries down its diagonal given by the eigenvalues t;:

t, 0 - 0
de () t, - 0 ‘
o 0 -- t,

We want to show that the matrices m and pdp™' are equal. Fix i. We
have pE; = X;, so E; = p~'X,. Also, dE; = ;E;. So (pdp™')X; = p(dp™'X))
= p(t;E;) = t,pE; = t;X;. Also, mX; = t;X;. Thus, the result of applying
pdp~! and m to X, is the same for each i. Since the X; forms a basis for
R" it follows that (p dp~!)X = mX for every vector X in R". We conclude
that m = p dp~'. Thus, we have proved the following.

Theorem 7.3. Let m be an n x n symmetric matrix. If we define the

matrices p and d as above, we obtain
m=pdp™t. Q)

When n = 3, we had proved this result as Theorem 3.11 in Chapter 37
As in Corollary 1 of Theorem 3.11, we can show that the matrix p in (7) is
an orthogonal matrix.

PROOF. Since the columns of p are the vectors X;, the rows of the
transpose p* are the vectors X;, so that

X,
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and, hence, the product matrix

(X, X, X, XX, o XX,

pp = x:2 X[ X)) = xzle xz-:x2 xzr-x,,

L)i,, xn:x1 xn:x2 x":x,,
(1 0 - 0
_[01 o
00 - 1

So p*p is the identity matrix and, hence, p~' = p* and so p is an
orthogonal matrix, as we set out to prove.

Exercise 2. Express in the form (7) the matrix m that occurs in Example 1.

Exercise 3. Express in the form (7) the 4 x 4 matrix

1111
1 111
1111
1111

Exercise 4. Write, as in (5), the quadratic form
X2+ 2%, %, + 2%, %3 + 2%, X4 + X3 4 2%,%5 + 2x,%0 + X3 + 2x3%4 + x2.
Exercise 4. Express, as in (5), the quadratic form

6xyx4 — 2x,X5.



CHAPTER 8.0
Differential Systems

In this chapter we present examples from one of the most important
applications of linear algebra, to systems of differential equations. We
have seen how the use of matrices makes it possible for us to handle
systems of k equations in n unknowns, and to interpret these as repre-
senting linear transformations between spaces. We now see how the use of
linear algebra makes it possible to approach systems of equations involv-
ing derivatives of functions. For this chapter, a knowledge of calculus of
one variable is assumed.

Our first examples lead to systems of two differential equations, and the
mathematics involved in the analysis of such systems is already contained
in Chapter 2. In §3 of this chapter, we show how the techniques we
used in two dimensions can be combined with the linear algebra of three
and more dimensions to give a general theory of differential systems of
higher order.

ExAMPLE 1. We are given two tanks of capacity 100 gallons, each filled with
a mixture of salt and water. The tanks are connected by pipes as shown in
Fig. 8.1 and at all times the mixture in each tank is kept uniform by
stirring.

The mixture from tank I flows into tank II through a pipe at 10 gal/min,
and in the reverse direction, the mixture flows into tank I from tank II
through a second pipe at 5 gal/min. Also, the mixture leaves tank II
through a third pipe at 5 gal/min, while fresh water flows into tank I
through another pipe at 5 gal/min.

Denote by x(¢) the amount of salt (in Ibs) in tank I at time ¢, and by y ()
the corresponding amount in tank II. Suppose, at time ¢ = 0, there are x,
Ibs of salt in tank I, and 0 lbs of salt in tank II. Find expressions for x()

and y(?) in terms of 1.
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- § —

—_— [0 —

Figure 8.1

Consider the time interval from time ¢ to time ¢ + Az. During that time
interval, each gallon flowing into tank I from tank II contains y(¢)/100 lbs
of salt, while each gallon flowing from tank I to tank II contains x(#)/100

1bs of salt. Hence, the net change of the amount of salt in tank I during the
time interval is

Sy(H)At  10x(1)At
- 100 100

while the corresponding change for tank II is

10x(#)At 10y (1)At
V=700 T 100
Dividing both equations by Ar and letting Az =0, we get

dx (= 35 - 10
()= 100 ()~ 100 (") )
dy . _ 10 _ 10
7 0= 700*D ~ 100 2O
In addition, we know that
x(0)= %,  y(0)=0. ©)

The functions ¢ = x(f), = y(¢) must be determined from conditions (1)
and (2).

A system of equations involving two unknown functions x and y which
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has the form

dx _
oo + by,

3)
dy _ (
i cx + dy,
where a, b, c, d are given constants, is called a differential system.
Thus (1) is a differential system with a= — %, b= 35, c={%,

d = — {%. The condition

x(0) = x, Y(0)=y,,
where x,, y, are given constants, is called an initial condition for the system
(3). Thus (2) is an initial condition.
We shall use the notion of a vector-valued function of ¢. A vector-valued

x,(t)) Thus
x(1)) ’

function X(¢) assigns to each number ¢ a vector X(¢) =(

0] 4 -7

sin¢
x(

t

)), then ¢ — x,(f) and 1 > x,(¢)
xy(1)
are scalar-valued functions. We define the derivative of the function

1> X(1) =(i'g;) by
2

are vector-valued functions. If X(¢) =(

dX _ dx,/dt
dt \dx,/dt)

i xn=( dz=(2’) hile if X(¢ =(°°S’) then
Thus, if X(¢) (t3+1)’ then dX/ 30 , while if X(?) ne) e

dX/dt =( —sintt ) Note that dX/dt is again a vector-valued function.
cos

Exercise 1. Fix a vector Y. Define a vector-valued function ¢—>Y(f) by setting
Y(¢) = t"Y. Show that

dyY

—_ n—1
-Ft— nt Y.

Now let the scalar-valued functions ¢ = x(¢), £ y(#) be a solution of the
differential system (3). In vector form, we can write

(7 (=1 2) @

x(t
We define the vector-valued function ¢ = X(#) by X(¢) = ( }’Et; ) Then the
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left-hand side of (4) is dX/dt, and the right-hand side of (4) is
(ax+by)=(a b)(x)=(a b)(X(t)).
cx + dy c dJ\y c d

Thus (4) may be written in the form

dX _(a b ) t 5
(2 bxo. )
How shall we solve Eq. (5) for X(#)? Recall that letting a matrix (g Z)

act on a vector X to give the vector (a Z>X is analogous to multiplying a
c

number x by a scalar a to give the number ax. So Eq. (5) is analogous to
the equation

dx _
5 =95 (6)

where x is now a scalar-valued function of ¢ and a is a given scalar. We
know how to solve Eq. (6). The solutions have the form

x(1) = Ce®,
where C is a constant. Setting ¢ = 0, we get x(0) = C, so
x(1) = x(0)e” = e"(x(0)),

where we have changed the order of multiplication with malice afore-
thought. Let us look for a solution to Eq. (5) by looking for an analogue of
e"(x(0)). We take
X(t) = e™(X(0)),  with m= (“ 3). )
c
First we must define the exponential of a matrix. In §1 we shall define,
given a matrix m, a matrix to be denoted e™ or exp(m) and to be called the
exponential of m.
Applying the matrix e to a fixed vector X(0), we then obtain a vector

for each ¢, and thus we get the vector-valued function 1 — X(¢) defined in
(7). We shall then show that X(¢) solves (5).

In what follows we shall use the symbol I for the matrix ((1) (l))’ which is

properly denoted m([I). This simplifies the formulas, and should cause no
confusion.

§1. The Exponential of a Matrix

Let m = (z z ) be a matrix. Since we have defined addition and multipli-

cation of matrices, we can write expressions such as m? or m*> — 3m + I.
We interpret m®> —3m + I as the result of applying the polynomial
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P(x) = x> — 3x + 1 to the matrix m:
P(m)=m’-3m+ I
More generally, if Q(x) is the polynomial
Q(x)=c,x"+ ¢, x" '+ +ox+ ¢,
where c,,c,_1, . . ., €1, are scalars, we set
Q(my=c,m"+c,_m" "+ -+ cm+ ¢y,

and we regard Q(m) as the matrix obtained by applying the polynomial Q to
the matrix m.

We now replace the polynomial Q by the exponential function exp(x). We
know that exp(x) is given by an infinite series

2!
where the series converges for every number x. We wish to apply the
function exp(x) to the matrix m. We define

2 n
exp(x)=l+x+x—+-.-+lr‘l_'.+...’ )

2 n
exp(m)=1+m+-%’!—+---+”'1‘_!+...' )

An infinite series is understood as a limit. Thus, Eq. (8) means that the
sequence of numbers

2 2 n
x x X
1,1+x,1+x+j,...,l+x+?!-+---+m,...
converges to the limit exp(x) as n—> oo. Similarly, we interpret Eq. (9) to
say that exp(m) is defined as the limit of the sequence of matrices

2 2 n
m m R /(A
I,I+m,1+m+—2T,...,I+m+j+ +n!,....
Of course, exp(m) is then itself a matrix.
ExAMPLE 2. Let m be the diagonal matrix
(s O
" (0 t)’
where s, ¢ are scalar. What is exp(m)? Recall the formula for (8 (t))"

found in Chapter 2.7.
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+(s3/3! 0 )+ +(s"/n! 0 )
0o /3 0o "/n

— 1+s+s2/214s3/31+ -« +5"/n! 0 '
0 14+ t+02/21+83/31+ -« - +1"/n!

Letting n— oo, we find that

2 n
exp(m) = lim (1+m+%'!—+--- +%-)

lim (1+s+ - +s"/n!) 0 e’ 0
= | n2e = .
0 nango(l+t+-'-+t"/n!) 0 €

Thus,
s 0)| (e 0)
exp[(o t)] (0 e')

: 0 1
.F ) .
ExaMpLE 3. Find exp[( 0 0 ]

(6 o) = (6 63 o)=(5 o)

Hence, (g (1))"=0forn=2,3,... . So
exp (0 1) =(1 0)+(0 l)=(1 l).
00 0 1 00 01

Let A be a linear transformation. We define exp(A) as the linear
transformation whose matrix is exp[m(4)].

EXAMPLE 4. Let R, /, be rotation by 7 /2. Find exp(R, /).

Set m = m(R, ) =((1) _01 )

2_ (0 —1)(0 —l)=(—l O)=_
" (1 o N1 o o —1)=CH
Hence, for every positive integer k,

m* = ((=)I)*=(=1)"1* = (=)L,

and so
m2k+l=m2km___((_l)k1)m=(_l)km‘
So
m=(=lm m‘=1 mi=m,  mé=(=DI, m'=(=Dm,

and so on. Hence,
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= 1 1 1
exp(m)—I+m+5'—(—l)1+3—!-(—l)m+4'1
1 1
+ = m+-—( 1)1+7!-(—1)m+'
=(]_L+_l.__1_+ I+ ].._1.+_l_.. 1 + ..
20T 4 e BTSN ')'"'
We can simplify this formula by recalling that
__xt X _x
cosx =1 —2—'+4—!——67+ R
and
_ x2 X _ X
sSinx = ‘—-—'-+—'———|—+ )
SO
1 1 1
COSl—l"“z“" 4—"'"6—!"" ,
and
ml=1-4L4+1 14
sinl =1- 3+5 7'+
So

exp(m) = (cos 1) + (sin 1)m = (cos l)((l) (1)) + (sin 1)((1) - é)

- (cosl - sinl).
sinl cosl

So exp(R, ) is the linear transformation whose matrix is

(cosl —sinl )
sin 1 cos |

Exercise 2. Fix a scalar ¢ and consider the matrix (? 7)' ) Show that
0 —t\]—(cost =—sint) 10
e)‘p[(t 0 )] (sint cos!? ) (10)

Exercise 3. Set m =(} })

(i) Calculate m* for k =2,3,4,... .
(ii) Calculate exp(m) and simplify.

. _(3 1
Exercise 4. Set m ( 0 3).



8.0 Differential Systems 281

(i) Calculate m* for k =2,3,4,... .
(i) Calculate exp(m) and simplify.

In Chapter 2.7, we considered a linear transformation 4 having eigenval-

ues 1,, t, with ¢, # ¢, and eigenvectors X, =(;') and X2=(;2). We
1 2

defined linear transformations P and D with
X, X t, O
m(P)=["" 2), m(D =( ! ),
F) ()’1 Y2 P) 0 1
and we showed, in formula (5) of Chapter 2.7, that
" ;0
(m(A4)) =m(}>)(t(; tn)m(P“), n=123,....
2

It follows that

exp(m(4)) =1+ m(4)+ %(m(A))2+ e

t, O m(P)[¢? 0
=I+m(P)|"' m(P~ ")+ ! m(P~"Y+ ---
o o1+ 22 s
t, 0 20
=m(P) 1+ + L0 + - m(P7!
*) (0 tz) 2’(0 t%) "
(where we have used that m(P)- m(P~") = 1)
L+, + (/20 + - - 0
G I m(P)
0 1+n+(1/20)8+ - --
=m(P)("" O)m(P“).
0 e
Thus, we have shown:
Theorem 8.1.
exp(m(A))=m(P)(e" O)m(P—‘). (11)
0 e~

ExampLE 5. Calculate exp[(?1 43)].
Here

tl=5’ t2=‘—5, x]=(2), X2=(—1)'
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So
mey=(1 3 ey = (205 5%)
By (11), we have
wlld 463 2N 1
( —1)( 2/5)e* (1/5)6_55)
2 N\= (1/5)e™® (2/5)e

___( 4/5)e+ (1/5)e™> (2/5)e°— (2/5 )e-S)
(2/5)e° = (2/5)e™® (1/5)e*+ (4/5)e™°)

—_— N

ExaMPLE 6. Calculate exp[((l) g)]

t 0

. 1 —
Sin
nee |14 0,

=t*— t = t(t — 1), the eigenvalues are ¢, =1, 1, = 0.

The corresponding eigenvectors are X, = ((1)), X, = (?) So m(P)=

(l 0) = I, and then m(P ~') = I. Hence, by (11),

SRR

Exercise 5.
1 0\ =
(a) Compute (0 0) forn=12,3,....
(b) Compute exp[((l) g)} directly from the definition and compare your answer
with the result of Example 6.

Exercise 6. Using Theorem 8.1 calculate exp[(; 3 1)]

Exercise 7. Calculate exp[ (i (2)) ]

Exercise 8. Calculate exp[( : %)]

Recall Eq. (5): dX/dt = m(X(t)), where m = (‘; Z) We fix a vector X

and define X(7) = exp(tm)(X,). In §2, we shall show that X(7) solves (5) and
satisfies the initial condition X(0) = X,, and we shall study examples and
applications.
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§2. Solutions of Differential Systems

We fix a matrix m and a vector X.

exp(tm) =1+ tm + %m + 5% + -
SO
(exp(tm))(X,) = X, + tm(X,) + m (XO) + m (XO) + -

Both sides of the last equation are vector-valued functions of . It can be
shown that the derivative of the sum of the infinite series is obtained by
differentiating the series term by term. In other words,

2 (Ep(m) (X)) = & (m(Xg) + L (LmiXg) + . (12)
The right-hand side of (12) is equal to A

m(Xo) + (Xo) + (XO) + m (XO) + -

m(X) + m(Xo) + e (Xe) + S (K +

m(Xo) + m(tm(Xy)) + m( m (Xo)) + m( (XO))

{x +im(Xg) + £ m(XO)+ m(XO)+ }

= m{(exp(tm))(X,)).
So (12) gives us

2 {(exp(m))(Xe)) = m{(exp(1m))(X,)). (13)
We define X(7) = (exp(tm))(X,)). Then (13) states that
24X (1) = m(X(1)). (14)

In other Words we have shown that X(7) solves our original equation (5).
Also, setting ¢ = 0 in the definition of X(#), we find that

X(0) = I(XO) =X, (15)
since exp(0)=7+0+0+ --- = I. So we have proved:

Theorem 8.2. Let m be a matrix. Fix a vector Xo. Set X(t) = (exp(tm))(X,)
for all t. Then,

daX

ar = mX(?), (16)
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and
X(0) = X,. (17

ExaMmpPLE 7. Solve the differential system

(18)

with the initial condition: x(0) = 1, y(0) = 0.
x(1)
y(1)

a=(0 %)™

with initial condition X(0) =((l)) Set m = ((1) —01 ), X, =((l)) and set

In vector form, with X(¢) =( ), we have

X(?) = exp(tm)(X,).
By Exercise 2 in this chapter,
ewom =so] (3 )] = (G )

So
X(t) = (cost - sint)(l) - (cost).
sint cost /\O sin ¢
, x(1) , . :
Since X(¢) = o , we obtain x(f) = cost, y(¢)=sint. Inserting these
Y

functions in (18), we see that it checks. Also, x(0) =1, y(0) =0, so the
initial condition checks also.

ExampLE 8. Solve the differential system (18) with initial condition x(0)
= x0, y(0) = yo.
We take X, = ( ;0) and set
0

xo = (e[ 5 o= (Sr o))
) (cost)xo — (sint)yg
(sin)x + (cos t)yo)'

-
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So
x(t) = (cost)xy — (sint) y,, y(2) = (sint)xq + (cos?) yg .

We check that these functions satisfy (18) and that x(0) = x4, y(0) = y,.

Exercise 9. Calculate exp[( z j;t) ], where ¢ is a given number.

Exercise 10. Using the result of Exercise 9, solve the system

dx =
@ with : (19)
Y 45— 0)=0
7Y y(0)
. 3 4 1
by using Theorem 8.2 with m = 4 3 and X, = o)

Exercise 11. Solve the system (19) with x(0) = s,, y(0) = s,.

Exercise 12. Solve the system

dx

= =2x+4y x(0)=1

g’ with . (20)
a}?)=4x+6y y(©0)=0

Exercise 13. Solve the system (1) (at the beginning of this chapter) with initial
condition (2).

ExAMPLE 9. Consider an electric circuit consisting of a condenser of
capacitance C connected to a resistance of R ohms and an inductance of L
henries. A switch is inserted in the circuit (see Fig. 8.2). The condenser is
charged with a charge of Q, coulombs, with the switch open. At time ¢ = 0,
the switch is closed and the condenser begins to discharge, causing a
current to flow in the circuit. Denote by i(7) the current flowing at time ¢
and by Q(7) the charge on the condenser at time 7. The laws of electricity
tell us the following: the voltage drop at time ¢ equals (1/C)Q(¢) across the
condenser, while the voltage drop across the resistance is Ri(r) and the
voltage drop across the inductance is L(di/dt). The sum of all the voltage
drops equals 0 at every time ¢ > 0, since the circuit is closed. Thus, we have

1 : di _

C o+ Ri(1) + Ldt 0
or

di__ 1 4, R,
dt LC Q(t) L l(t)'

Also, the current at time ¢ equals the negative of dQ/dr or i(t)=

— dQ/dt. So the two functions: t— i(f) and 1 —> Q(1) satisfy
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C
| z
R
L
Figure 8.2
% = ai + bQ,
d_Q . 2))
a - "

where a= —R/L, b= —1/LC. So to calculate the current flowing in the
circuit at any time ¢, we must solve the differential system (21) with initial
condition Q(0) = Q,, i(0) = 0.

ExaMmpLE 10. Let ¢,, ¢, be two scalars. We wish to solve the second-order
differential equation

d* dx _

?+C|E+6‘2X—O (22)
by a function ¢ — x() defined for all 7, and we want to satisfy the initial
conditions

x©) =%,  L0)=y. 23)

We shall reduce the problem (22) to a first-order differential system of the
form (3). To this end we define y(¢) = (dx/dt)(¢). Then (22) can be written:
dy/dt+c y+ c,x=0or

dy
gt— = T CyX — G ).
So x and y satisfy the differential system
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dx _
7 (24)
Y __ X — ¢y ).
dt 2 1
ExAMPLE 11. We study the equation
d’x 4= = ax o) = 25
2 =0 xO=x, G O)=) (25)
Setting y = dx /dt, (25) turns into
dx _
at
a x(0)= x5, »(0)=yo- (26)
Yo,
dt

Exercise 14. Fix a scalar 7. Show that
0 1)]-( cost sint )
exp[t(_l 0)] (—sint cost

Exercise 15. Using the result of Exercise 14, solve first the equations (26) and then
Eq. (25).

In Theorem 8.2, we showed that the problem dX/dt = mX(t), X(0)
= X, has X(7) = (exp(trm)(X,)) as a solution for all 7. We shall now show
that this is the only solution, or, in other words, we shall prove uniqueness
of solutions.

Suppose X, Y are two solutions. Then dX/dt = mX(z), X(0) = X, and
dY/dt = mY(1), Y(0) = X,. Set Z() = X(¢) — Y(¢). Our aim is to prove that
Z(t) = 0 for all z. We have

at X _ X — mX(1) - m¥(1)
= m(X(?) — Y(1)) = mZ(1). (27)
Also
Z(0)=X(0)-Y(0)=X,— X,=0. (28)

We now shall use (27) and (28) to show that Z(r) = 0 for all £. We denote
by f(¢) the squared length of Z(2), i.e.,

f@) =1z
t—> f(t) is a scalar-valued function. It satisfies
f(y>0 forallz and f(0)=0.
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Exercise 16. If A(?), B(r) are two vector-valued functions, then

d a(n.dB _dA
2 (A(n)-B) = AN - L2 +B(n)- L2

It follows from Exercise 16 that

af _ d - dz dzZ _ dz
i E(Z(I) (1)) =ZL(t)- T Z(1)- I 2Z(1) - T

Using (27), this gives
& 1y=22(1)- mz 29

We set m =(a b). Fix ¢ and set Z(1) = Z =(z'). Then
c d 2

2Z(t)-mZ(t)=2(2)- {(ﬁ 3)(2)}
-2(31) (3 &)
= 2(azf + bz,z, + cz,z, + dz%).
Let K be a constant greater than |a|, ||, |c|, |d|. Then
2Z(1) - mZ(t)| < 2(lalz} + |Bl |2\ |zl + el |2,]|2)] + ||| 2ol)
< 2K(|z,]2 + 2|z, |z, + |22|2).
Also,
2z, |zl < |2y + |2,
So
[2Z(1) - mZ(t)| < 2K(2|zl|2 +2|z,P) = 4K(|z,|2 + |22|2)
=4K|Z* = 4Kf(?).
By (29), setting M = 4K, this gives
4 1y < (). (30)
Consider the derivative

d ( £ ) _eMi(dy/dr) = f(oyMeM® _ (df/dr) — Mf(H)

Mt
dt e Mt e2Ml e

By (30), the numerator of the right-hand term < 0 for all ¢. So

!L(M)<o,

dt e Mt
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so f(f)/e™ is a decreasing function of ¢. Also, f()/e™" >0and =0 at
¢ = 0. But a decreasing function of ¢, defined on 7 > 0 which is > 0 for all ¢
and =0 at ¢ = 0, is identically 0.

So f(#)/e™" =0 for all . Thus |Z(1)]> = f(r) = 0, and so Z(¢) = 0, and so
X(#) = Y(¢) for all .

We have proved:

Uniqueness Property. The only solution of the problem considered in Theorem
8.2 is X(t) = (exp(tm))(X,)-

§3. Three-Dimensional Differential Systems

Just as in the case of two-dimensional matrices, we can define polynomials
in a 3 x 3 (or an n x n) matrix, and we can take a limit to form the
exponential of a matrix.

ExaMpLE 12. If m is the 3 x 3 diagonal matrix with diagonal entries a, b,
¢, then m" is the diagonal matrix with diagonal entries a”, b", ¢" and
exp(m) is the diagonal matrix with diagonal entries exp(a), exp(b), and
exp(c).

ExampLE 13. If m is a 3 x 3 upper triangular matrix, with 0 on the
diagonal or below, then m? has 0 except in the upper-right-hand corner,
and m® = 0. Thus, exp(m) = I + m + m?/2.

As in the two-dimensional case, the calculation of polynomials and of
exponentials of a matrix is greatly simplified if the matrix is diagonalized.
If A is a linear transformation from R* to R® with three distinct eigen-
values t;, t,, t3, then A = PDP! for some invertible matrix P with
columns given by the eigenvectors corresponding to the eigenvalues which
are the diagonal entries of the diagonal matrix D. Then, [m(4)]" =
m(P)[m(D)]"'m(P~') for all positive integers n, so exp(m(4)) =
m(P)m(exp(D))m(P!).

The same method enables us to calculate the exponential of any matrix
representing a transformation A, such that R® has a basis consisting of
eigenvectors of A.

In the case of a vector function X(¢) in R3, we may solve the differential
system dX/dt = mX(t) just as we did in the two-dimensional case. If the
initial condition is X(0) = X,, then the solution of the system is X(t) =
(exp(tm))(X,). The method of proof used in the two-dimensional case can
be used to show that this solution is unique.

ExAMPLE 14. The third-order ordinary differential equation x"(t) + ax"(t)
+ bx'(t) + cx(t) =0 can be expressed as a system of three first-order
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equations by setting y(f) = x'(t) and z(t) = x"(t). The single equation is
equivalent to the system

x'(t) = y(t)
y'(e) = z(1)
Z'(t) = —cx(t) — by(t) — az(t).

This allows us to solve a third-order differential equation by solving a
differential system.



CHAPTER 8.1
Least Squares Approximation

We consider two variable quantities x and y. We make n simultaneous
measurements of both quantities and obtain n pairs of values: x,, y;, X,
Vs --» Xn» Ya» and we call the corresponding points (x4, y1), .-, (X, ) in
the xy plane the data points.

In certain situations, when we plot the data points on a piece of graph
paper, we discover that they almost lie on a straight line.

This leads us to expect that there is a relation

y=ax+b (1)

between the two quantities, where a and b are certain constants. This
relation may be exact in theory, but the data points (x;, y;) fail to lie
exactly on one straight line because of small errors of measurement. We
now ask, what is the best choice of a and b to give the correct relation (1)?

We should choose the line L with equation y = ax + b in such a way
that the total “deviation” of the points (x;, y;) from L is as small as
possible. Let us fix a line y = mx + b and let (x;, z;) be the point on this
line with x coordinate x;, so that z;=mx; + b,j=1,..., n.

Two possible measures of the deviation of the data points from L are
the sums

n n
Y ly;—zl and Y |y, = zl*
j=1 Jj=1

It turns out that the second expression is easier to deal with. So we define
the deviation of the data points from the line L by

D(m, b) = _"zluy,-— Z? = il(yj— (mx; + b))*. @)
J= J=
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We wish to minimize D(m, b), i.e., to find scalars m, b such that D(f, b)
< D(m, b) for all m, b. The line
L:y=mx+b
then is the line of least deviation for our data points. We may use the line

L to predict the results of future measurements of the quantities x and y.
We may interpret the expression D(m, b) geometrically. Let

X1 341 1
x= % y="] 1=
Xn Vn 1

Then X, Y, 1 are vectors in R" and the squared length
Y — (mX + b)) = Y (y; — (mx; + b))>
-i=1

So
|Y — (mX + b1)|?> = D(m, b).

The totality of all vectors mX + bl in R" with m, b in R is a 2-dimensional
subspace of R”, which we denote by II. The pair of vectors X, 1 is a basis
of I

If m, b are the scalars that minimize the deviation D, then the distance
from Y to mX + b1 is smaller than the distance from Y to any other point
mX + bl in I1. So mX + bl is the nearest point to Y in IL It follows that
Y — (mX + b1) is perpendicular to IT. In particular, then, we have

(Y — (mX + b1),X) =0,
and

(Y — (mX + bl1), 1) = 0.

Figure 8.5
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So we have
{(Y, X) = m(X, X) + b(1, X),
(Y, 1) = m(X, 1) + b(1, 1). 3)
We now solve the system (3).
X, (Y, X) = m(X, (X, X) + b(X, 1)(1, X),
X, X)(Y, 1) = m(X, X)(X, 1) + b(X, X)(1, 1).
So

X1’ —XX)1,1) b. (4a)

Also,
(1, 1)(Y, X) = m(1, 1)(X, X) + b(1, 1)(1, X),
(1, X)(Y, 1) = m(1, X)(X, 1) + b(1, X)(1, 1).
So
(L, )Y, X) — (1, X)(Y, 1)
(1, DX, X) - (1, X)(X, 1)
Expressed in terms of x;, y;, this gives
b= (Z xi)(z X;yi) — (z xiz)(z Vi) (5a)
(. x:)* = n(Y x?) ’
__h Z XiYi — (Z xi)(z yi)
m= . 5b
W% X — (3 %2 G
Here, each sum is taken from i =1 to i = n. Finally, the line L, which
gives the least deviation from our data points, is given by:

= A, (4b)

L: y=mx + b,
where m, b are given by (5a) and (5b).

Exercise 1. Find an equation for the line of least deviation for the data points:
(i ¥1) = (L, 1), (x2, y2) = (2, 2) (x3, y3) = (3, 4).

Exercise 2. The weight (in ounces) w and the age (in months) ¢ of lobsters from a
certain area are believed to be approximately related by the formula: w = mt + b,
where m and b are certain constants. Lobsters are caught and t and w are

determined, giving
t=4, w=17 t=16, w=11
t=8 w=9 t=18, w=11

(a) Find the straight line of least deviation for these data points.
(b) Predict the weight of a two-year-old lobster.
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Exercise 3. Let (x,, y;), ..., (x,V,) be n data points, such that

Xn: x;=0 and
i=1

e

yi=0.

Show that the line L of least deviation passes through the origin, and find its
slope.

Exercise 4. Let (x;, y,), ..., (x,, ¥,) be n arbitrary data points. Put
X =(1/n) Zl x;, ¥ = (1/n) Zl Yir

Show that the line L of least deviation for these data points passes through the
point (X, y).



CHAPTER 8.2
Curvature of Function Graphs

One of the nicest applications of linear algebra to geometry comes in the
study of total curvature of graphs of functions of two variables. We shall
see how a very natural construction leads to a self-adjoint linear transfor-
mation, the eigenvalues and eigenvectors of which have particular geomet-
ric significance.

Consider a function f(x, y) of two variables, and consider its graph in
three-dimensional space. This graph is a surface with equation: z = f(x, y).
We will assume that f(0, 0) = 0, so the graph goes through the origin. We
can always arrange this by translating the graph in a vertical direction.
Furthermore, we will assume that the tangent plane to the graph at the
origin is the horizontal plane, so the partial derivatives f,(0, 0) and £,(0, 0)
are both zero. In order to investigate the way in which the graph is curved
in a neighborhood of the origin, we may consider slices of the graph by
vertical planes through the origin.

One such plane is the x—z coordinate plane with equation: y = 0. The
portion of the graph lying in this plane is the curve of points (x, 0, f(x, 0)).
We may determine whether this curve is concave up or concave down by
computing the second derivative f,,(x,0). If this value is positive for
x = 0, the curve is concave upwards at the origin, and if it is negative,
concave downwards. Similarly, the portion of the surface lying in the y—z
coordinate plane is given by putting x =0, so we get a curve of points
(0, y,£(0, y)), which is concave up or down depending on whether the
second derivative f,,(0, y) is positive or negative at 0.

For example, if f(x, y) = ax? + by?, then f,..(0,0) = 2a and f,,(0,0) =
2b, so these slice curves are concave up or down in a neighborhood of the
origin depending on whether a and b are positive or negative.

It may happen that this way of determining the shape of the surface is
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Figure 8.6

inconclusive, for example, if f(x, y) = 2xy, then f(x,0) =0 and f(0, y) =0,
SO frx(x,0) =0 and f,,(0, y) = 0, for all x and y. However, in this case, the
slice over the line x = y is a parabola pointing up, since f(x, x) = x2, while
over the line x = —y, the slice curve is a parabola pointing down, since
f(x, —x) = —x2. This surface is shown in Figure 8.7.

How much information do we need in order to determine the shape of
the surface? To answer this question, we first recall the formula for the
curvature of the curve: z = z(t) in the plane. The curvature is defined to be
z"())/(1 + 2'(£)*)** so at ¢ = 0, this curvature is z’(0)/(1 + z'(0)%)*? = z"(0),
provided that z'(0) = 0.

Returning to our graph z = f(x, y), we now consider the slice curve
above the line x =t cos ¢, y = t sin ¢, with slope tan ¢. Here ¢ is a fixed
angle, and ¢ is the variable parameter. The z coordinate z(t) = f(t cos ¢,
tsing), and so, by the chain rule, z'(t) = f,(t cos ¢, sin ¢) cos ¢ +
Syt cos 4, t sin ¢) sin . Note that 2'(0) =0, since f(0,0) =0 = f,(0,0).
Then  z"(t) = f,.(t cos @, t sin @) cos? @ + 2f,,(t cos @, t sin @) cos ¢ sin ¢ +
f,,(t cos ¢, t sin @) sin? ¢. So we have

2"(0) = fx(0, 0) cos? ¢ + 2f,,(0, 0) cos ¢ sin ¢ + 1,40, 0) sin? ¢. (1)

Thus it is that the curvature of the slice above the line with slope tan ¢
is a quadratic expression in cos ¢ and sin ¢, with coefficients that are
partial derivatives of the function f(x, y) evaluated at the origin.
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Figure 8.7

Definition. The normal curvature of the graph z = f(x, y) in the direction ¢
is the curvature of the slice curve over the line with slope tan ¢ at the
origin. It is denoted k(¢).

The normal curvature k(¢) = z"(0) and, hence, is given by formula (1).
We can get a geometrically more enlightening formula for k(¢) as follows:

We denote by IT the xy plane, z = 0, and on this plane we consider the
linear transformation 4 with matrix

(fxx(o’ 0) fiy(0, 0))
f50,0)  £,(0,0))°
called the Hessian of f at (0,0). Fix an angle ¢ and denote by X the

vector (c?s ¢) in IT. Then
sin ¢

_ fxx(o’ 0) fxy(Oa 0) COos ¢ . COS¢
XX = <fxy(0, 0 f,(0, 0)><sin ¢> (sin ¢)

= £+(0, 0) cos? ¢ + 2£,,(0, 0) cos ¢ sin ¢ + £,,(0, 0) sin? ¢.

By (1) it follows that
AX-X = k(¢). )
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Figure 8.8

Now the matrix of 4 is symmetric, so by the results in Chapter 2.6, A
has unit eigenvectors X,, X, in IT with X, -X, = 0. Denoting the corre-
sponding eigenvalues by k,, k,, then,

AXI = klxl and AXZ = k2X2.

We choose the indices so that k, > k.

Now let X = (cos ¢, sin ¢) be a unit vector in IT and let 6 denote the
angle measured counterclockwise in I, from X, to X.

Then X =(cos 0)X, + (sin8)X,, and so, AX-X = ((cos0)k,X, +
(sin 0)k,X,)"((cos 0)X; + (sin 0)X,), or AX-X = cos? 6k, + sin? Ok,. For-
mula (2) leads to Euler’s formula:

k(¢) = (cos? O)k, + (sin? O)k,. 3)

We choose the angle 6, so that X, = (cos 6, sin 6,). Then ¢ = 6, + 6.

When 0 =0, and so ¢ = 6,, then k(#) =k, and when 0=g and so

n .
6=20,+ 3 then k(¢) = k, (see Figure 8.9).
Exercise 1. Show that the normal curvature always lies between the values k, and

k,, that is, that

k, <k(g) <k, for all .

The two extreme normal curvatures k, and k, are called the principal
. . n
curvatures and the corresponding directions: ¢ = 6, and ¢ = 6, + 5 are

called the principal directions of the surface z = f(x, y) at the origin. The
principal directions, thus, lie along the eigenvectors X, and X,.
Note: If k, = k,, then all vectors X in the tangent plane are eigenvectors.
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X = (cos ¢, sin ¢)

Figure 8.9

ExaMmpLE 1. Let ) denote the cylinder: x2 + (z — 1)> = 1 with axis along
the y axis and radius 1. ) passes through the origin and its tangent plane
at the origin is the horizontal plane. We shall calculate the principal
directions and the principal curvatures for Y, at (0, 0, 0). We write ), near
the origin, as the graph

z=1-/1—x%=f(x,y)

X S0 f,=/,=0at(0,0). Also

J1—x
1

fxx=(1—__“xz—)3/§,

e ()
£(0,0)  £,,(0,0) 0 0
The eigenvalues of this matrix are 0 and 1, so k, =1 and k, =0. The

corresponding eigenvectors are (0, 1) for k, and (1, 0), for k,. Thus the
principal directions in this case are along the coordinate axes.

Then f,, = f,, =0, and f, =

50 f,(0,0) = 1. So

n
Exercise 2. Find the normal curvature k(¢) in Example 1 when ¢ = 2 and sketch

the corresponding slice curve.
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Exercise 3. Let ) be the sphere: x> + y* + (z — a)* = a’.

(a) Find the principal curvatures of ), at the origin.
(b) Calculate k(¢) for an arbitrary angle ¢.

Exercise 4. Let ) be the surface: z = (sin x)(sin y). Find the principal curvatures
and the principal directions for ) at the origin.
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